Changing the Matrix
So far, only discussed changing the RHS, iie. Ax=b —

A% = b.

The matrix consists of FP numbers, too—it, too, is approximate. |.e.

px=b - [ Ax—b)

What can we say about the error due to an approximate matrix?

= { +AX (A‘ A t4A
Lipg=2-x = %-#"b

I muz Al Il -4k Yzl

— ‘A"CA7< Ax),—A AA,

_

N I-A “AA%Y | k= WAL LA™

\_/\J
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Changing Condition Numbers

Once we have a matrix A in a linear system Ax = b, are we stuck with its
condition number? Or could we improve it?

Ly

DA% =Db.  IPALR'P™ 7 iz =]
~— -
ADZ = b aDK- ID7AT)|
e o
What is this called as a general concept?
= Left 'pmovncliﬂw\t X = (DA)"‘CDL)
— Ri%l\t predon. L =040)"h . x=px
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In-Class Activity: Matrix Norms and Conditioning

In-class activity: Matrix Norms and Conditioning
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Singular Value Decomposition (SVD)

What is the Singular Value Decomposition of an m x n matrix?

A>TV
01‘5\ j.)raa 0""“\ S
- col. "8 W Ll 31"3- vec.
— ol of V: wyl sy vee
— sl valuds ¢ by . Gm

i

Wu=I
Viv =L

6".
L+ ( "‘s,.)
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Computing the 2-Norm

e e——

Using the SVD of A, identify the 2-norm.

Az UZ VT
- 1Al = UZ, = 9max
= laBll,= 181, = (BAI, . Q oth

Express the matrix condition number condx(A) in terms of the SVD:

COY\Az.(A) = llAuz qu[lz - ﬁ"“}( / 6m?n
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Not a matrix norm: Frobenius
The 2-norm is very costly to compute. Can we make something simpler?

Al = S;S:la'{l‘

Frobepiné norm .

What about its properties?

— Al 70 (Allg= 0 A=0

= UxAlE = AlATR
- WA+bie £ Al + 18l
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Frobenius Norm: Properties

Is the Frobenius norm induced by any vector norm?

Al < matilAx Izl[;= 30
LA £=n

How does it relate to the SVD?

(Al = §=63

- T * Errata: the square root was missing from the
ll A “r = t‘Y [A ) original scribbles
S
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Solving Systems: Simple cases

Solve Dx = b if D is diagonal. (Computational cost?D

x=Li /D;

of- )

Solve Qx = b if Q is orthogonal. (Computational cost?)

x= Q%

0(v* )

Given SVD A= UZ VT, solve Ax = b. (Computational cost?)

VS ARV
£ e
Y

«3—‘\1*/
Vs o
06®_ , of3) difindt

~

151D
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Solving Systems: Triangular matrices

Solve
a1 a2 a3 aw| | X b
axp a3 au| |y| _ |b2
asz as| [z| |bs
ass| |w by

037'}:" G,qu%
Ayy U = oy

Demo: Coding back-substitution [cleared]
What about non-triangular matrices?

C)"\\AGS i~ & :
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Gaussian Elimination

Demo: Vanilla Gaussian Elimination [cleared]
What do we get by doing Gaussian Elimination?

2tt

How is that different from being upper triangular?

M N ->w

———

What if we do not just eliminate downward but also upward?

(4 Y ~(\[)
(o -am ENM,\
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LU Factorization

What is the LU factorization?

A=Cu
= L dwew N dlieq ot D anos
- A vxlq’n- W

It Y
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Solving Ax = b

Does LU help solve Ax = b? Ac aA
/‘\H,,
4xb
J
LKQ L cftuudl o5 0{&-1)

Wy & be sileh. > 00
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Determining an LU factor|zat|on
i

t"|/\l

i RN W
Uy
(<)
| W o]
"7<gy Lu )(qﬂ@
"

o

S
Q-U" Mll’g‘ll > 511,‘ G'u/“u

T
= A= Qo + Gy, ™ G0~ An-?" by

Demo: LU Factorization [cleared]
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Computational Cost
What is the computational cost of multiplying two n x n matrices?
(AB); = % Qb  0¢n*)
c\\’ = = ke k{\, ﬂ
ocC ¥ up = an, Upp, = ap OUII) ..l_om_[)l_l__“ .

ot > a1 = ax/un.
0(“’5 LooUsp = Agy — Ir1u,.

What is the computational cost of carrying out LU factorization on an
n X n matrix?

| o)

Demo: Complexity of Mat-Mat multiplication and LU [cleared]
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