Properties of ODEs YU f YY) e )

|

f(t/ g,-u-,a(k)_) =0

What is a linear ODE?

[ f&, X0 AT+ B ]

What is a linear and homogeneous ODE?

$€, €)= AR

What is a constant-coefficient ODE?

Jet0z AR+ T
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Properties of ODEs (l1)

What is an autonomous ODE?
Je, %) = 60
Y= o 4050
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Existence and Uniqueness gJ’: /}.:l
Consider the perturbed problenl/

- { iéﬁ%@ { y(to) {/Qg

Then if f is Lipschitz continuous (has bounded slope’), i.e.

1F(y) = f)Il < Llly -yl
(where L is called the Lipschitz constant), then. ..

lyQ)- Gl < Ukt lly- 4.l

et RVATEA (W On Y S uehj\,\h@,l,(,od o€ &

What does this mean for uniqueness?

\w\f\\el by the bowh. (\\\0‘ \io‘\sQ\
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Conditioning
Unfortunate terminology accident: “Stability” in ODE-speak
To adapt to conventional terminology, we will use ‘Stability’ for
» the conditioning of the IVP, and
» the stability of the methods we cook up.
Some terminology:

An ODE is stable if and only if. ..

The gwbin e Lo&«\waﬁs\\q J\cpnu\mt » bl dake,
A Vor B 590 Hem axidd s & TS0
(Ho - \Mcf = | Q(k\ﬂu\llc e {o 06> to.

An ODE is asymptotically stable if and only if

\\(\0(\\ Yy (\\ “ =0 <\L~Jw)
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Example |: Scalar, Constant-Coefficient AN

-E -~
'(t) = Ay Ly
{y where A =a+ib(ln4)
y(0) =0
Solution?
X et _ibt
yeg= g™ = 4o el
M
When is this stable? (L < () | tog (bt) + 1£a GO =)
gt E<0 Tt im0
?t
e agn- ey Yo bl untheble, ©
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Example Il: Constant-Coefficient System

A= VDV { y(t) = Ay(r) = YE=VDUITY®)
p y(to) = yo LVye) = p viyeo
Assume V™LAV = D = diag(\1, ..., A,) diagonal. Find a solution. L’W

w'tt) = DwCtE)
{ W&f')“ \/"%o

When is this stable?

when Qg(_x‘) S0
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Euler's Method

Discretize the IVP
{ y'(t) = (y)
y(to) = yo
» Discrete times: t1,tp, ..., with t;y1 =t; + h
» Discrete function values: y, ~ y(tx).

49 = éo + jj; :thm)o{,c
FH0 - R Tt

= Ewlar’s Me'f/”dWL-
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Euler's method: Forward and Backward v Villerron 1€0F e
(. v A
&a M e Fovd N

- t)=yg+ T))dr,
astoad ot o)
Use 'left rectangle rule’ on integral: HGJ. (ﬁk

- — |
qh?\p Em(wl_ﬂ "‘OUI: \OK + [/‘ Plﬁul = kQQA "aEvu! QA}V.
CiaT Gy =€ & (agsmmt m{}w/

Use ‘right rectangle rule’ on integral:

|

F_/
Y‘N GAV s ‘/\ (

. Yt~ Yt Q Yi| < need o solv

\ »‘;\\'A 1&& el ‘ e :\jg\;

Demo: Forward Euler stability [cleared]
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Global and Local Error

/7 LN de\bﬂy\

\]
( nlocal error global error

bae ylh-u, )
‘(m saquo\ '{M\ b < U' “)

b plion Fion g, = ry [y

Let ug(t) be the function that solves the ODE with the initial condition
uk(tx) = yk. Define the local error at step k as. ..

Qa Y TN U‘k)

Define the global error at step k as. ..

Y ° V]“k\“ Yu
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About Local and Global Error

Is global error =  local errors?

No.

" camponn ko £

Ylohed ouer nol oce auk d fov bv ¢ local
' ) P 9o fed (’/VYGV“

A time integrator is said to be accurate of order p if. ..

4,00
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ODE IVP Solvers: Order of Accuracy

A time integrator is said to be accurate of order p if £, = O(hPT1)

This requirement is one order higher than one might expect—-why?

inta g2 otz #ﬁﬂfﬁ’b
£ 0Ch™) = 0ChT)

e?t ~ Lt
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Stability of a Method
Find out when forward Euler is stable when applied to y'(t) = Ay(t).

Y= e T h-X%e-
= QL+ Y,

|1+hA] €] = Sable Wl < a1
wm ificaton  Loctr
1 :‘:Iru(h)\) tf

"""" T(—N‘ "00 Ch%)
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Stability: Systems

What about stability for systems, i.e.

y'(t) = Ay(t)?

w = \)"&
5 |14 hai| €1 imghies S{ublﬁ‘l;{a%
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