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LU: Special cases

What happens if we feed a non-invertible matrix to LU?

s N

PA=CW

Wy ner 1wk

What happens if we feed LU a@on—square matrices? A LU[

[ 3TN l

L " ]
— Shor ¥ Q(GJ/: men,  mxm mx, ML( k

N2
AL ?(sb"w\h nEwm mu@’ ’
L

RYe
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Round-off Error in LU without Pivoting

. o e 1
Consider factorization of [ ] where € < €mach:

11

L:“/‘ )

fin- [ ¢ O

A (W = [

!

(€ )

| o 07
O) ) buQVW(O/
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Round-off Error in LU with Pivoting

Permuting the rows of A in partial pivoting gives PA = [i ﬂ

ey e (00
puw= (1))
A “LPJ(V\\: { {l I*{) - by enmv:

(5
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Changing matrices
Seen: LU cheap to re-solve if RHS changes. (Able to keep expensive
bit, the LU factorization) What if the matrix changes?
&) D h
PA’(«V\ Ax:ﬂ Ax:c . ({,w/o

(Af 7);-—5 ) “;FJM hove o (L\cq soluf

FSV A, Cak yok NV'/\ (Hm?
Wb osaluw G ke71?

A AféaT /"_\4: A-' AT A
|+ VTA'R
L Al Al M‘——C—,o f/J“ J
Demo: Sherman-Morrison [cleared] A RRK } )
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Outline

Linear Least Squares
Introduction
Sensitivity and Conditioning
Solving Least Squares
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What about non-square systems?

AP

Specifically, what about linear systems with ‘tall and skinny’ matrices? (A:
m x n with m > n) (aka overdetermined linear systems)

Specifically, any hope that we will solve those exactly?

Wov & qu&\\"\ﬁ\nﬁ (h/m \M\Abxouus; wqrdw.
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Example: Data Fitting

Have data: (x;, y;) and model:
y(x) = a+ Bx +yx°

Find data that (best) fit model!
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Data Fitting Continued

¢y P, v 6*11:31
1
&+ Py ¢ KKS: 9
o) [3"/ T 6*:1" Y
' o\

1 _thlh’

&+ Py ¢ Kxf—j;

(3
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Rewriting Data Fitting

Rewrite in matrix form.

IAs - ﬁ”z 2 mh

Lo %
A s | L 3(1\
)
1
| \L— Y"

X

K VQV\ CAQ" Vl\’O\ADlQ
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Least Squares: The Problem In Matrix Form

|Ax — b||3 — min!

. . [N}
is cumbersome to write.

Invent new notation, defined to be equivalent:

NOTE:

» Data Fitting is one example where LSQ problems arise.

» Many other application lead to Ax = b, with different matrices.
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Data Fitting: Nonlinearity
Give an example of a nonlinear data fitting problem.
2 2
lexp(a) + Bx1 + Xt — y1|

2 .
lexp(a) + Bxn + X5 — ya|” — min!

But that would be easy to remedy: Do linear least squares with exp(«) as
the unknown. More difficult:

2
|oz + exp(Bx1 +7x12) — yl‘

‘a—i—exp(ﬂx,,—k’yx,%)—yn‘z —  min!

Demo: Interactive Polynomial Fit [cleared]
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Properties of Least-Squares

Consider LSQ problem Ax = b and its associated objective function
o(x) = ||b— Ax||§. Assume A has full rank. Does this always have a

solution?
Y20 : 02w as |kf/->e ;Y € 9w [ vang
> P |as G\W\iulwm

~

7

.

Is it always unique?

Ne) il A ha s a hL\lepMe, )
1€ CAOES)”‘{ dbe n WS'
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Least-Squares: Finding a Solution by Minimization

[ V)2 vre v =35

Examine the objective function, find its minimum.

o (%) 1 s-4f2 (547 (5%

0~ VPR)s -2 AL ~LAAR

= Th - BAT e TATAS

AAz -ATC
Tw!m& €1H-
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Least squares: Demos

Demo: Polynomial fitting with the normal equations [cleared]

What's the shape of AT A?

S qwavt

Demo: Issues with the normal equations [cleared]
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Least Squares, Viewed Geometrically

(A)

@/ = |- Ax

e I6-Ax,
5 \L\:A X

Why is r L span(A) a good thlng t re C.I J

Qj\(\' ucjomc'.

oy oJLo\/D won| A ey

A -LL
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Least Squares, Viewed Geometrically (I1)
b N b
o)

colsr (M)

Phrase the Pythagoras observation as an equation.
cpm(A) + b Ax
G- A" (L-Ax) = A'b- AUk
THDVMQ eghs ajnfl./

Write that with an orthogonal projection matrix P.

Ax -0y Waewe € is Jhe ol ]

I\ T SO algen /) o7




What is a projector?

About Orthogonal Projectors J+\7/ @
. - L
~U ‘

Pe-p

What is an orthogonal projector?

QQ™

& ¢ 5Y mm e|NL [ éw‘ pwﬂ'"b)
How do | make one projecting onto span{q, q,, ..., q,} for orthogo.nal—q,7
weprd
Q- [ﬁ. N 4 74 L,/
”("f ”f/
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Least Squares and Orthogonal Projection

T
Check that P = A(ATA)~1AT is an orthogonal projector onto colspan(A).

AThx = ATy, -p .
= (KA AT ' =Pt
yij(- WJAL) P Symm"'rlt v =P

Pe
ﬂuf € (015/1’\(4)

7
What assumptions do we need!to define the P from the last question?

AR s £ vl () iwvsklfl)

7

99



Pseudoinverse
What is the pseudoinverse of A?

What can we say about the condition number in the case of a
tall-and-skinny, full-rank matrix?

What does all this have to do with solving least squares problems?
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