- hv 3
- V(“ 0”1.75\:»\%.#
B QKGMI(L y Pc.yx /n‘”

PE (« \x/

(-.
g(k) -(),\_I(x): U I -x.) (><~K1) . {
!

&—y“)



Error Result: Simplified Form il vl

Boil the error result down to a simpler form.

/ ?ch)(’(/}s/]j\ (ke])
inkervll Q%?L l'“ - - [9-0\
( i) o lExeT, Ixex) el

C/wv(L\ ’le) W< am. i
Cov = O(hk) (Gs t\-)o)

C— h-"L orlfor Converancl
[}

» Demo: Interpolation Error [cleared]

» Demo: Jump with Chebyshev Nodes [cleared]
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Going piecewise: Simplest Case VQ\/\‘/

-
Construct a pieceweise linear interpolant at four points.

1

Xo, Yo X1, Y1 X2,Y2 X3,Y3

| fi = aix+ by | fo = axx + by | f3 = azx + b3 |

| k. | 2 unk. | 2 unk. |

| fi(x0) =0 | f2(xa) =y | f3(x2) = y2 |

\ | fa(x2) = y2 | f3(x3) = y3 |

\ | 2 eqgn. | 2 eqn. |

\__——

Why three intervals? e 0\ middle ewd

Ledy 4 a\,L;MrIJ A b, of middle

! { )
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Piecewise Cubic (‘Splines’)r\‘ﬂ_ﬂ‘\“t

X0, Yo X1, Y1

X3,Y3
| ® | ®
| YI()(Fajx:’ + b1x% + c1x + dp | azx3 2

A |
2x7 + bax® + cax + d2

|
| a3x® 4 b3x® + c3x + d3 ‘
\ N AN |
N MLI;.\

¥ i G wnkin gwe / ¥ wnfenowns

Ql“"\“h 1!*')“‘1& (“z. 1
6 G il =, %1“‘1-) " l:[i(xj?),

R AN FRTS
K i) b) ) =plc)

"wakwrof *
1 gll (ka) :rO

"Iy ).0
b Vg (xg /M/f/—\\'_f”(“ai“

X2,Y2




Piecewise Cubic (‘Splines’): Accounting -

X0, Yo X1, ¥1 X2, Y2 X3,Y3
| f | f2 | s \
| a1x> + byx? + cix + dy | azx3 + bax? + cox + da | a3x> + b3x? + cax + d3 ‘
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Outline

J6 ~ p s T iy
g'(x) ~ el s T ely

Numerical Integration and Differentiation
Numerical Integration
Quadrature Methods
Accuracy and Stability
Gaussian Quadrature
Composite Quadrature

b . b
Nimarl Ot Mo [y Ao
Richardson Extrapol g(x) fal(éx 2:-0(, :\Pi(ﬁ()p\(

'y
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Numerical Integration: About the Problem

What is numerical integration? (Or quadrature?)

| ! b
G al’l,eaprmnwh',s /WM

What about existence and uniqueness?

- @ I’V\|‘l’1"ﬁ'¢‘( (ﬁ}m\o\m\/ Lg‘)«sjhb)
- G s Wr\’l(](( ﬁo'y pu. cmlfinmcuj/‘,owﬁd
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Conditioning o~

Derive the (absolute) condition number for numerical integration.
'P:fl 'glt,e’(x}

[ Sopaas -5 ]

- ( gf'ch):ﬂx} S le (N c([,q)h«x ki

xe(at) J
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Interpolatory Quadrature
Design a quadrature method based on interpolation.

jx)ﬂ [ % P, (x}
¢ Yo [ e

l
i<l n
(Vezu,su be const

( " O( MQQA{ h ét 60\\4
God: gﬁy(X)dx = Z W; P(x;)
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Interpolatory Quadrature: Examples )

(e} & e Fhe L,MJmo e Fblj v als yo(u {w,‘)]l:, .
SL W)"”‘ ~ .Z?("?)Sbflf g &
rel ? a ‘

hed uu'g,\\s.

thi; pdte c( /VQ\.J\(O& - (okﬁ ?Mﬁﬂro&mn

CL(,L ;Lw ln()t,cs ! Clehsl\uw\‘- Curhs sdic
(‘2 (d\\, ['Jm‘s‘l"] qm Av L“M
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Interpolatory Quadrature: Computing Weights

How do the weights in interpolatory quadrature get computed?

t Lo 1
i ’ MM od of w\sxﬂkﬂmud QOLCG cladfs !
N b
& _-S/']'A”:‘"n/l# tayl
o
"Sb  dx ° WXt +dp X
1 x|
, (l’lﬂv .’l 75" )(k‘]A{ S u’x'h + _‘uux:
q a A
~——
Demo: Newton-Cotes weight finder [cleared] \/Tw =TI
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Examples and Exactness

To what polynomial degree are the following rules exact?

Midpoint rule

Trapezoidal rule  252(f(a) + f(b))

Simpson's rule 222 (f(a)

t
o
« T

~ parabola

R
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Interpolatory Quadrature: Accuracy
Let p,—1 be an interpolant of f at nodes xi, ..., x, (of degree n — 1)

Recall .
Zw;f(x,-):/ Pn—1(x)dx.

What can you say about the accuracy of the method?

’ Sfaou)dx - Sj,” («/dx/

< Sj\ Pb) = pui )] d
= (b I I~pe-lis

(L Ch 1),
= ORIy,
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Quadrature: Overview of Rules
n | Deg. | Ex.Int.Deg. | Intp.Ord. | Quad.Ord. | Quad.Ord.

(w/odd) (regular) (w/odd)
n—1 (ﬂ_1)+1odd n n+1 m—i-l)—i—lodd
Midp. |QQ) @ 1 2 @)
Trapz. | 2 @ 1 2 <37
Simps. | 3|2 3 3 4 5
S.3/814 |3 3 4 5 5

» n: number of points

» "“Deg.”: Degree of polynomial used in interpolation (= n— 1)

» “Ex.Int.Deg.”: Polynomials of up to (and including) this degree actually get
integrated exactly. (including the odd-order bump)

» “Intp.Ord.”: Order of Accuracy of Interpolation: O(h")

» “Quad.Ord. (regular)”: Order of accuracy for quadrature predicted by the error
result above: O(h™™!)

» “Quad.Ord. (w/odd):" Actual order of accuracy for quadrature given ‘bonus’

degrees for rules with odd point count

Observation: Quadrature gets (at least) ‘one order higher’ than interpolation—even more
for odd-order rules. (i e. more accurate)




Interpolatory Quadrature: Stability

Let p, be an interpolant of f at nodes xi, ..., x, (of degree n — 1)

Recall .
Zw;f(x,-):/ pn(x)dx

What can you say about the stability of this method?

\.

So, what quadrature weights make for bad stability bounds?

[
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