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Quadrature: Overview of Rules

N
Quad.Ord.

n | Deg— Ex.Tnt.Deg— Intp.Or/d./ Quad.Ord.
r (w/odd) | (regular) | (w/odd)
n—1 (n—l)—i—lodd n n+1 (n—|—1)+1odd
—[Midp. |10 1 1 2 3
Trapz. Z 1 1 2 3 3
— Simps. | 3 | 2 3 3 4 5
S.3/8 |43 3 4 5 5

» n: number of points

>
>

— €h-oll)

“Deg.”: Degree of polynomial used in interpolation (= n — 1)

integrated exactly. (including the odd-order bump)
» “Intp.Ord.”: Order of Accuracy of Interpolation: O(h")

v

result above: O(h™™!)

» “Quad.Ord. (w/odd):" Actual order of accuracy for quadrature given ‘bonus’

degrees for rules with odd point count

“Ex.Int.Deg.”: Polynomials of up to (and including) this degree actually get

“Quad.Ord. (regular)”: Order of accuracy for quadrature predicted by the error

Observation: Quadrature gets (at least) ‘one order higher’ than interpolation—even more
for odd-order rules. (i e. more accurate)
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Interpolatory Quadrature: Stability

Let p, be an interpolant of f at nodes xi, ..., x, (of degree n — 1)

Recall .
Zw;f(x,-):/ pn(x)dx

What can you say about the stability of this method?

7\

p((): P(&){- Q(,\)
£ il - Confd

< .Z. lw; e(s(‘.)lg ”e”w g(“.

.

So, what quadrature weights ?ake for bad stability bounds?

[ IZ:L’; = ba / \Ad’,”s d/ oac:'//q['fg signs bacl ]
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About Newton-Cotes

What's not to like about Newton-Cotes quadrature?
Demo: Newton-Cotes weight finder [cleared] (again, with many nodes)
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Gaussian Quadrature

So far: nodes chosen from outside.
Can we gain something if we let the quadrature rule choose the nodes,
too? Hope: More design freedom — Exact to higher degree.

| deo shl' mdlo A oQ ch". caoG;

but: " nodec <lso wnbtrawn®

- am,.\\‘ Vlcoﬂ‘j 5”(“‘,ﬂ’L
soluvon Fov nodat is “woabg o (e Dml'(/ao/)s

-~

Demo: Gaussian quadrature weight finder [cleared] % (.ﬂ't':;’;:
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Composite Quadrature

High-order polynomial interpolation requires a high degree of smoothness

of the function.
|dea: Stitch together multiple lower-order quadrature rules to alleviate

smoothness requirement.

e.qg. trapezoidal

”I\\ " t t >
a, 4 a, - - Q..
G !l b=

\ .

n v\ptk!s pw ()ow(k
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Error in Composite Quadrature

Gioy -0 <h
What can we say about the error in the case of composite quadrature?

& oy Fcn/ s\-\t,lc \'-\[evvd, g , S:‘Ii,ﬂy.ﬂ"'“’ € ¢ h}an’)?(u)"

(’ w
‘ Sh?(qm- 5);, ? Wj; {lx;,’,)l ¢ C y""u i
Cru.:(‘\t,hd rele ov ’m&d m " h

<l

< ¢ I, )z [3j-%52)° (443 < C D), " (b

+1 (. Y|

+.
-~
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Composite Quadrature: Notes

Observation: Composite quadrature loses an order compared to
non-composite.

|dea: If we can estimate errors on each subinterval, we can shrink (e.g. by
splitting in half) only those contributing the most to the error.
(adaptivity, — hw)




Taking Derivatives Numerically

Why shouldn’t you take derivatives numerically?

\
7N\
?'(Jv% f’(xrl./ ‘il"

- CM(@MAI/‘&
- gvsceph'(y I b waite
- J;0¢ on wehannfed oawtlor

Il ¢ 't “f’”u bonnftq
ewﬂ( (Qlkx}l=("¢)eia\'

1 M\laeudc\
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Numerical Differentiation: How?

How can we take derivatives numerically?

?(;) X flan “7/ = ii:ot,' ?; (7/

?(5) P 1) = ?a f,-’(q/

J

Demo: Taking Derivatives with Vandermonde Matrices [cleared] (Basics)
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Numerical Differentiation: Accuracy
How accurate is numerical differentiation (with a polynomial basis)?

'?lx) = Pea (‘) ’_ﬂ%y—~ ﬁ (,‘,y’.,

c b
s [\/-/\
Q(fXLp..Z (a2 7 ()
/7 ! CT ]

1=l

Denselin L
. lv‘dp)(“w‘. h
Ohl\ drdlh( '/l”” -

0
J

Ithﬂa jdapu»mm\c} ok X

h r)d:v

:5-\

Demo: Taking Derivatives with Vandermonde Matrices [cleared]
(Accuracy)
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Differentiation Matrices

How can numerical differentiation be cast as a matrix-vector operation?

J

Demo: Taking Derivatives with Vandermonde Matrices [cleared] (Build D)
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