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Euler's Method

Discretize the IVP

» Discrete times: t1,tp,..., with t;y1 =t; Fh
» Discrete function values: y, ~ y(tx).
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Euler's method: Forward and Backward

0 =yo+ [ Fly(r))dr,

Use ‘left rectangle rule’ on integral:

N4
W ‘-j)ﬂ h J{(qu}

Use ‘right rectangle rule’ on integral:

so‘wgdvju, ‘jiﬂ. = \]:* . ‘?(‘;""J Gw Culew

Demo: Forward Euler stability [cleared]
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Global and Local Error

local er global error

Let wi(t) pe the function that solves the ODE with the initial condition
uk(tx )= yk. Define the local error at step k as. ..

‘QIL =Y ~ ‘Al_l(,‘h)

Define the global error at step k as. ..

305 Y (h\ ~ Y
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About Local and Global Error

Is global error = > local errors?

Ve

(

‘)V\SL QILQ Qavk@ékkll }-;/\lf/vqﬂl’

A time integrator is said to be accurate of order p if. ..

|

A= 0 (et

7
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ODE IVP Solvers: Order of Accuracy

A time integrator is said to be accurate of order p if £, = O(hPT!)

This requirement is one order higher than one might expect—why?
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Stability of a Method

Find out when forward Euler is stable when applied to y'(t) = Ay(t).
Yui) = Wt hAd Yo
= ‘j“ ( ‘ + L\/\)
(2
= (1+hA) ' YL
Ll (1)

shble = [ 144 | <)

SHMI"—‘) 1 %) \[mf
fu © m) 7




Stability: Systems

X/

What about stability for systems, i.e. @: \/ Q V-l /

Yurr= Yt B yu y/ (1) = Ay(e)? f '

'-
W= V gz V(WA‘%) w: :/l?w
J
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Stability: Nonli ODE L% -
aDlIll y onlinear S 0'&\/\3 Q,lalﬁ.k\lc\qb\& W.HW

What about stability for nonlinear systems, i.e.

y'(t) = f(y(1)?

e(4)= y(0- )
Ql(”?g(lom) . Q(\a(m &JF(U} 3
t HOT
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>l >
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Stability for Backward Euler
Find out when backward Euler is stable when applied to y'(t) = Ay(t).

Yat1 = Yo f . )\\jnﬂ
&Jkn('”k/\)’

w/
\fa,ﬂ <

- hk 1 LA ) e

slubl, C,) _ﬁc(#[ ’\)W/
1

/

Demo: Backward Euler stability [cleared] / / /
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Stiff ODEs: Demo

Demo: Stiffness [cleared]
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‘Stiff” ODEs

» Stiff problems have multiple time scales.
(In the example above: Fast decay, slow evolution.)

» In the case of a stable ODE system

stiffness can arise if J¢ has eigenvalues of very different magnitude.
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Stiffness: Observations

Why not just ‘small’ or ‘large’ magnitude?

What is the problem with applying explicit methods to stiff problems?
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Predictor-Corrector Methods

N

QL wii

Idea: Obtain intermediate result, improve it (with same or different
method).

Lo X Gy

le -
“r)»w(itd:/“ \3""” = Yt h ?{")u)
“contche® Yur|* Yn L@W"O“l +{2( ‘;“))

He wn ln' ) lme/xfkao\
“57."“& OT'(AW 3,0‘30\1 OLewvh

(3 205



Runge-Kutta/'Single-step’/*Multi-Stage’ Methods

Idea: Compute intermediate ‘stage values’, compute new state from those:

So\\l(

Vﬁ?(&ut.h, Y th( o,y + ‘L"‘/s"s})

VB:Q(E,JCSL\, Ytb (o, G+ -+ o ">})

Sy = Yut b (byr v+
7/

Can summarize in a Butcher tableau:




Runge-Kutta: Properties
When is an RK method explicit?

WAl CATS OL{L) bolou e d(:‘ujm\LQ

When is it implicit?

Dhnww.n e,

When is it diagonally implicit? (And what does that mean?)

Wonleavs  nok aboye oy dimjn\ao.

con solie o aF O\ic..




Heun and Butcher

Stuff Heun's method into a Butcher tableau:

L P41 = yie + hf (yi)

2. Vi1 =y + 5(F(v) +( (Frg1))-

V)
|
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RK4

What is RK47
ol O
L
)] 1
1| 0L
| & o]
I e

G 3 7¢
S—""
4
(4

Demo: Dissipation in Runge-Kutta Methods [cleared]
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Stability Regions

Why does the idea of stability regions still apply to more complex time
integrators (e.g. RK?)

Demo: Stability regions [cleared]
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More Advanced Methods

Discuss:

>

vVvyYVvYyyvyy

What is a good cost
metric for time
integrators?

AB3 vs RK4
Runge-Kutta-Chebyshev
LSERK and AB34

IMEX and multi-rate

Parallel-in-time
(“Parareal”)

Im Ah

ab3
ab34
Iserk
rk4
-4 -2
Re Ah
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