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② Linear Least Squares



① Think about small <

A = &i][



② linea least squares :
We have data (ti

, yi)

fith We want a function
&~Hist f(t) = x , + Xzt + xst2

so that

yi =f(ti)
= X

,
+ xt,+ xst!



yi =f(ti)
= X

,
+ xt,+ xst!

↓

y ,
= 0x , +x +x

y - x , +xtn + xst2

!
yn
= x , + xntm+xytim

2

- Er(ii)= /1 : ]
1 tru ti
mx3 3x1 m x 1



or so we have
: Find I such that

Ax = b
mxn nx1 mex

Q : Does this have a solution? m
= n /yes
M n X no, only if

b = colspon(A)

Different question
: Find & such that

IAX-bliz is minimized

Q : solution exist? U
yes

Q :

unique ?
x yes ,

if A is full rack



How do we find I?

sit
.

I = min HAX-bIn

Two main approaches'
i) direct minimization

2) transform A



① let f(x) = 11 Ax-bl
llvll? = viv

=Ilb -Axll ?
I (b -Ax)

T

(b -Ax) L
(3
+

-
x AT

= bTb - xTATb - bTAx + xTATAx
- e

=bb - 2 xAb + xTAAx

- find + Two ways
to find Of (x)

- Set f
= 0

is write all components out with

2

- find I ij

Ergit
Dim fite)-f(x)
4-0 Y



f(x) = bTb - 2xTATb + x

+ATAx

-Vf(x) = 0 - 2 ATb + 2ATAx O

set= 2 AT Ax = 2 ATb

ATA x
=

A
T b

The Normal Equations
uxm Mxn - nx1

= nxm mx)

-

E nxn
·nx1

= nx/
-

↑ N

A = b



② Espan
(Al Ax = b

b
minDAX-bIIz ?

-↳

(YE3 - -(i) - x)) +x()
A -> b-Ax to span

A

- a (b
-Ax) = 0 for all a = col(A)

-> A(b-Ax) = 0 - ATA x = ATb



3

↓ Pb---- Spar
A

we want a projection of
b

-

know ATAx = Ab
nan mor

p
=

P
- x

= GATA) AT b
men

p = pT

SpageA pseudoinvers

- Ax=AAb

P



p = ACATASTA)
-

At

I
=

A (ATA)
-

At

=P



[i] = = (
-

]

sics(s'] = = 55] [i]
10 &

= 11

=>
x = Yo



ATAx = Ab

↓

X ->minllAx-bIz

⑰
Ax= 6



y = 1 . x + b · x I a.
a

I
-

I
1 .x + b . x + d . x

y
=

a = E

plOTE


