CS 450: Numerical Analysis — Lecture 3

Vector and Matrix Norms, SVD, and Matrix Conditioning
Edgar Solomonik
September 1, 2026

Today

o Brief review of the floating-point number line

e Vector and matrix norms

e Conditioning of a linear map

e Singular value decomposition and the matrix condition number

Brief floating-point review

For positive binary floating-point numbers, subnormal values are equally spaced. Let Ag,p, denote this spacing.
The smallest positive normal number is the underflow level UFL. Normalized values begin with the same
spacing Agup; the gap doubles whenever the exponent increases by one. The overflow level OFL is the largest
finite positive number. Negative values occur symmetrically.
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With rounding to nearest, this increasing absolute spacing gives a uniform relative-error bound in the normal
range. If a nonzero exact result z is rounded to a normal value and no overflow occurs, then
f(z) — 2|

] < u, equivalently fi(z) =2(14+6), | <w.
z

In the subnormal range, no bound of this form is uniform. The corresponding uniform statement is instead
the absolute-error bound 1
|ﬂ(2’) - Z| < iAsub-

Vector norms

A wvector norm is a function

Il : R" — R
such that, for all z,y € R™ and every scalar a € R,
lz|| > 0, |z|| =0 <=z =0,
loz|| = laf [l , lz +yll < llzll + llyll -

The last property is the triangle inequality.

n 1/p
=], = (Z Ix¢p> :
i=1

p-norms. For 1 < p < oo,

The most common cases are

n n 1/2
2
lzlly = |zl [l = (Z || ) ; 2] o = max |z;] .
i—1 i—1 ¢



Unit p-spheres and p-balls. For the p-norm, write
Sp={x Rt ||z], = 1)

for the unit p-sphere. In the plots below, the dark outline is S}, and the shaded points satisfy ||z|| » <1
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The unit p-sphere together with the open unit p-ball is the closed unit p-ball,

I

\

SpUfz sz, <1} = {z: [z, <1}
This set is convex. If [|zf[, <1, [ly[|, <1, and 0 <t < 1, then
[tz + (1= yll, < tlll, + 1 =) |yl < 1.

The open unit p-ball is also convex: if the two initial inequalities are strict, so is the final one. The sphere S,
alone is generally not convex: if z € S, then —z € S}, but their midpoint 0 lies in the open ball.

Matrix norms

A norm on the vector space R™*™ satisfies the same four norm properties. One example is the Frobenius
norm,

I 1/2

1Al = { DD a | = lIvec(A)ll,,
i=1j=1

where vec(A) stacks the columns of A into one vector.

Induced or operator norms. A vector p-norm induces the matrix norm

| Az|
141, = max Az, = max e, (3.1)

The maximum is attained because S), is compact and z — || Az||,, is continuous. Thus, for every A, there is a
vector x, € S, such that
[Az], = 1A, -

For every x and all conforming matrices A, B,
[Az]l, < 1Al =, IABI, < [All, Bl
Two induced norms can be read directly from the entries:

A, = mjaxz la;j| (maximum column sum), Al = mzaxz la;j|  (maximum row sum).
i J

The Frobenius norm is generally different from the induced 2-norm.

Conditioning of a vector-valued function

Let
F:R" — R™.



At an input x # 0 with F'(x) # 0, the local relative condition number in the 2-norm is the worst first-order
amplification of a relative input perturbation:

o(F2) = lim  sup  IE@F0) = F@lly /@),

(3.2)
=0t 0<|15z|l,<elz]l, [0zly / (|2l

The Jacobian. The Jacobian is the matrix of first derivatives,

0F, 0F,

871’1(33) 87%(90)
Jr(z) = : :

0F,, oF,,

Tasl(x) Tt O (z)

If F is differentiable, then
F(z 4+ 0x) — F(x) = Jp(z)dx + o(||6x]5).

The corresponding local absolute condition number is ||Jg(x),. Scaling input and output errors relatively,
the definition in (3.2) gives

saet(Fr) = [T ()] ”M)H (3.3)

This is the vector analogue of |f'(x)||x| /| f(z)| for a scalar function.

Specialization to a linear map. Let A € R"™*" and F(x) = Az. Since

- OF;
Fi(z) =) ayej, 5= =ay,
j=1 i

we have Jp(z) = A for every x. Therefore,

xr
Hrel(va) = HAH2 H“Al|‘||2| : (34)
2

For a linear map this expression is exact: the output perturbation is Adx, with no higher-order term.

The worst case over nonzero inputs is

—1
Azl
sup kel (F,x) = ||A min . 3.5
220 re( ) H H2 <$7£0 ||xH2 ( )

If A is rank deficient, the minimum gain is zero and the worst-case relative condition number is infinite. If A
is square and invertible, set = A~y to obtain

o gl
- -1
A Tall, v ATy,

_ -1
g Y
y#0  |lylly A1,

ra(A) = || Ally |47, (3.6)

Thus, for an invertible square matrix,

We next use the singular value decomposition to understand the maximum and minimum gains geometrically.

Orthogonal matrices

A square matrix Q € R™*"™ is orthogonal when

QTQ=0Q" =1, equivalently — Q !'= Q7.



Writing @ = [q1 -+ gn], its columns form an orthonormal basis:

1, i=j
T ’ )
q; 95 = . .
v {0, i#J.

Orthogonal transformations preserve the Euclidean norm,
|Qz3 = 2" Q" Qz = ||z|3.

Singular value decomposition

For every A € R"*"™, there are orthogonal matrices U = [uj -+ u,] and V = [v; --- v,], and a diagonal,
nonnegative matrix
S:diag(alv"'vgn)a 012022"'207120;
such that .
A= USVT = ZUiUiUZ'T' (37)
=1

The o; are the singular values, and

Avi = O;U;.
Thus V7 expresses an input in the right singular-vector basis, S scales those coordinates, and U expresses
the result in the left singular-vector basis.

For any z, write

n
Tr = Z@ivi7 o; = Ul-T.%'.
=1
Since the v; and u; are orthonormal,
n n n
H$||§ = Za?a Ax = Zaiaiuia ||A:£||§ = Zafa?. (3.8)
i=1 i=1 i=1

For [|z|, = 1, equation (3.8) gives
on < ||Az||, < o7.

The upper bound is attained at = v1, and the lower bound at = v,. Hence

1Ally = o1, i [Az[ly = on. (3.9)
z||y=
Y2
02U2 g1uU1
A
> n
A(S2)
So
The matrix condition number
Combining (3.6) and (3.9) gives the final form
A)
All, |IA7], = 7 , A nonsingular,
+00, A singular.

Thus k2(A) is the ratio of the largest to the smallest principal stretch. It is at least 1, with equality precisely
when A is a nonzero scalar multiple of an orthogonal matrix.
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SVD, Conditioning of Linear Systems, and LU Factorization
Edgar Solomonik
September 3, 2026

Today

e Review: the matrix condition number

e Singular value decomposition

e Conditioning of linear systems

e Algorithms: triangular solve and LU factorization

Review: matrix condition number

Definition. Given A € R™*" with rank(A) = n,
w(4) = 4], 471
Lemma. For all z,6z € R" with x #£ 0, let y and dy be defined by

y = Ax, y+ oy = A(x + ox).

Then 5 5
vl _ 4 L6l W
1yl ]|
and moreover there exist x, dx such that equality holds.
Proof. By linearity, y = Adx and y = Az, so
1oyll, _ | Adz| 16|
2 - 1202l g, Lol
lylly (1Al [ Azl
How small can || Az, be? Since y = Ax gives z = A~ 1y,
_ |41 -1 _ [E4 [P}
Izl = 47|, < A vy so Al = vl = T
Combining the two bounds,
6y ) loz]] 16|
2 < ||Ally || A7, o2 = mA) T2 O
Iyl ]l [l

Equality can hold because both inequalities in the proof are attainable: there exists dz € R" with ||Adx|, =
| A5 [|6z||, (the induced-norm maximum is attained), and similarly for A™! there exists § with ||A7'g]||, =
A=, [|9]l5, so that @ = A~'§ satisfies ||Az||, = ||lz[|y /||A~!]|,. The two choices are independent of each
other, so both bounds are tight simultaneously. (Demo on matrixz conditioning here.)

The maximum- and minimum-stretch directions of A are apparent from the singular value decomposition.

Singular value decomposition

Definition (SVD). For every A € R™™" there exist orthogonal matrices U = [u; --- up] € R™"™ and
V=[v; -+ v,] € R"™ and a diagonal, nonnegative matrix
a1
S= ; oi 2 i1 2 0,
On



such that "
A=USVT = Z o; uiv;‘r, Av; = oju;. (4.2)
i=1

Remark: non-uniqueness of the SVD. The singular values of A are unique, but the singular vectors are
not. First, signs can be pushed between u; and v;: replacing (u;, v;) by (—u;, —v;) leaves O'Z"LLZ"UZT unchanged.
Second, if a singular value repeats, o; = --- = 0, the corresponding singular vectors are determined only up
to a common orthogonal change of basis: replacing [v; --- v;] by [v; --- v;]Q and [u; --- uj] by [u; --- u;]Q,
for any orthogonal @ of the block size, gives another valid SVD, so any orthonormal basis of the associated
subspace supplies suitable singular vectors. For example, A = I has A = VIV for every orthogonal V.

Action of A in the singular bases. Consider Az for any x € R". Expanding x in the orthonormal basis

V1s.--,Un,
n

n
:L‘:Zvi(v;[:z:), A:U:Zuiai (vlz).
——

=1 =1 i

Writing v = V7z, the product Az = USV T x reads, from right to left: v = V7 z collects the coefficients of

in the V basis; z = S+ scales them; and Az = Uz writes the output as a linear combination of the columns of
U.

Extreme stretches and the condition number. Since U is orthogonal, || Az||, = ||[Uz|, = ||z, with
9 n n
HZHQ = Z(Uz’%‘)z = 201'2%'2'
i=1 i=1
Since V is orthogonal, |||, = HVTxH2 = ||z]l. So for ||z, =1, i.e., 33,72 = 1, the maximum of ||Az]|, is
attained by choosing v1 =1 and vo = --- = 7, = 0. Hence the maximizer = of ||Az||, is the singular vector

vy associated with the largest singular value, and ||Al|, = 1. Likewise the minimum over ||z|l, = 1 is o,
attained at x = vy, so
Omax (A) 01

R(A) = 2] — 2 (4.3)

Omin (A) On

SVD of the inverse. When A is nonsingular (o, > 0),

At =wsvht=v st =vsTlut, 5T =

Up to reordering the diagonal into decreasing order (1/c,, > --- > 1/01), this is an SVD of A~!. Its largest
singular value is 1/0y, so ||A7!||, = 1/0,, consistent with (4.3).

SVD existence (sketch)

Existence of the SVD can be proven by iterative maximization. Find

v = aHrgHmaX | Avl,, o1 = ||[Avi]|5, uiop = Avy.
v]|y=1

The maximum is attained because the unit sphere is compact; if 1 = 0, then A = 0 and the construction is
immediate. The vector vy serves as the first right singular vector for some valid SVD; it is essentially unique
(up to sign) exactly when o1 > o3, echoing the non-uniqueness remark above.

Now remove this rank-one action and consider

T
A1 = A —U101Vq ,



which satisfies Ajv; = 0. In terms of the SVD whose existence is being established (used here only as
motivation, not in the construction), A; = 3% 5 u;03v: a matrix of rank at most n — 1 whose largest singular
value is o9. Choose

vg = argmax || A1v]|, .
lloll,=1

Any component of vo along vy is annihilated by Aj, so dropping it and renormalizing cannot decrease the
attained stretch; a maximizer may therefore be taken with vy L vi. Set o9 = ||Ajv2]|, and ug = Ajva/o2 (one
can also show ug L uj), remove the next rank-one term, and continue on the remaining orthogonal directions.
This yields orthonormal vectors v; and u; and values o1 > --- > 0, > 0 with

n
A= Zaiuiv? =UsvT.
i=1
If a residual becomes zero, assign the remaining singular values zero and complete the two orthonormal bases

arbitrarily.

Linear systems of equations
Given A € R™" with rank(A) = n and b € R", solve for x in

Ax =b.
Full rank is needed for well-posedness, and then 2 = A=1b. (In-class evercise: formulating a linear system.)

Conditioning of linear systems

The solution map b — z = A~1b is itself a linear map, so the lemma from the start of the lecture applies with
A~1 in place of A:
Fiinsys(4) = w(A71) = | 47| 114]l, = £(A).

From first principles. Perturb the input b by db and let dz be the resulting output perturbation:
A(x + 6x) = b+ 0b, SO ox = A"16b, x=A"1h

We want the minimal k so that |[éx|, / [|z|ly < & [|6b]], /| |b]|5. Directly,

6 A~16b _ ob _ b ob
| l‘”z _ H ||2 < HA 1”2 |1|4|11H()2||2 _ HA 1H2 ||/|1’|1|2H2 ||||b||||22

_ IA7obl, (4.4)
=l [[A=10l,
good bound for a given b

For a particular right-hand side b, the underbraced factor in (4.4) may be far smaller than x(A). For the
worst case over b, we need an upper bound on [[b[|, / || A7'b|,:

_ - 1 [B]]
AT = omin (A7) 1Blly = ——— IIblly = 512
H bH2 =9 ( ) ||bH2 Umax(A) ||bH2 HAH2’

hence [[Bll; / | A~"b]|, < [|A]|; and

101, 161,
= K .
AT

19zfly _ 4l 47

ER (45)

Residual and solution error. In practice, an algorithm produces an approximate solution z ~ x. The
error ¥ — x cannot be evaluated without knowing z, but the residual

r==b— AZx



can always be computed. The residual says that Z solves a nearby linear system exactly:
AT =b—r,

which is the perturbed system above with §b = —r and dx = Z — z. The bound (4.5) therefore controls the
solution error in terms of the residual magnitude,

||:?—x||2

[P

Il
k(A .
AT

A matching lower bound follows from r = A(z — #) and # = A~!b, which give

Irlly < All; lle =2l lall, < |47, o1z
so that
L rlly _ N7 el Il
< < K(A) : (4.6)
A(A) [Bll, = Tl 1]

The relative residual is thus a computable proxy for the relative error, reliable up to a factor of xk(A) in
either direction. If A is well conditioned, a small residual certifies a small error; if A is ill conditioned, it does
not. The algorithms discussed next are judged by whether they produce small residuals; how much solution
accuracy a small residual buys is then governed by x(A).

Algorithms for solving linear systems

Special case: diagonal systems. For Dz = b with D diagonal,

Cost: n operations.

Special case: triangular systems. For Lz = b with L lower triangular (and similarly for upper triangular),
the n equations can be solved in order by forward substitution:

x1 = b1 /01,
x9 = (by — la121) /l22,
x3 = (bg — €3121 — {3222) /33,

i—1
Ty = (bl — 2:1&]33])/4”
J:

Row i involves ¢ — 1 multiply—add pairs, i.e., n/2 terms on average with one addition and one multiplication

per term, so the cost is

2
n
5 2 =n? operations (to leading order).

For an upper-triangular system Uz = b, start from the last equation (backward substitution), or note the
equivalence with the lower-triangular case obtained by reversing the order of the entries of x and b.

General case: LU factorization. If A = LU with L lower triangular and U upper triangular, then Az = b
can be solved by two triangular solves (forward and backward substitution):

Ly =0, Uz =y.



To compute the factorization, normalize L to have unit diagonal and partition, with ajs, u12 € R (1) row
vectors, ag1, o1 € R(™1*1 column vectors, and Agg, Lag, Use € R(P=Hx(n—1).

ain a2 | _ 1 0 | |unn w2
a1 A lyr Log| | 0 U
Equating blocks row by row,

{Ull UlQ} = {all alQ} )

lo1 = a1 /u1n,
Az = la1ura + LooUso,

so that
Ago — la1u1z = LooUs:
—_——— ——

Schur complement LU factorization of (n—1)Xx(n—1) matrix

The first row of U and first column of L are available directly, and the remaining factors form the LU
factorization of the (n — 1) x (n — 1) Schur complement, which is computed by the same procedure.

The need for pivoting. If uj; = aj; = 0, then o1 = ag1/u11 does not exist. A similar issue arises whenever
some u;; = 0; note that u;; # a4 in general for 4 > 1, so the issue cannot be detected from the diagonal of A
alone. Solution: pivoting—permute the rows of A so that each wu;; # 0.

Row pivoting. For every A € R™*" with rank(A) = n, there exist a unit-diagonal lower-triangular L, an
upper-triangular U, and a permutation matrix P such that

PA=LU.

Partial pivoting. The permutation is assembled from row swaps interleaved with the elimination steps,
P =P, 1--- P (with P; applied first), where each P; is a swap matrix exchanging row i with some row j > 1,

e.g.,
1

P =
1

Each swap also reorders the previously computed multiplier columns of L. Pick each P; so that the pivot
magnitude |u;;| is maximal among the available rows. (4 worked example is deferred to the next lecture.)
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LU Factorization: Existence, Partial Pivoting, and Structured Systems
Edgar Solomonik
September 8, 2026

Today

e Review: non-pivoted LU factorization
o Existence and uniqueness criteria

o Partial pivoting

o Linear systems with structure

LU factorization

Given A € R™"™ an LU factorization is defined by L,U € R™ ", with L lower triangular and unit-diagonal
and U upper triangular, such that
A=1LU.

Why is this useful? It reduces a general linear solve to triangular solves, and triangular matrices have
convenient properties. Given L € R™"*" lower triangular:

e L is full rank if and only if its diagonal entries are all nonzero. If they are, consider y = Lz for = # 0: if
the first nonzero entry of = is z;, then y; = ¢;;z; # 0 (all earlier entries of x vanish), so Lz # 0. Conversely,
det(L) =[], ¢s vanishes if any diagonal entry does.

e L' when it exists, has a simple triangular structure:

1
Ly 0 _ L 0
Loy Lo —Lyy Lo Ly Ly |
as verified by multiplying out; by induction, the inverse of a lower-triangular matrix is lower triangular.

o Lz = b can be solved at O(n?) cost: blockwise, 1 = L1;'by (solve), then g = Ly, (by — Lo1x1) (substitute
and solve)—forward substitution from Lecture 4.

Hence, given a factorization A = LU:

o rank(L) = n, since L is unit-diagonal;

o rank(A) =rank(U);

. A—l — U—lL—l.

e Az = b can be solved at O(n?) cost via L(Uzx) = b: first solve for 3 in Ly = b, then solve for z in Uz = y.

When does a non-pivoted LU exist?

Theorem. A € R™™ admits a full-rank non-pivoted LU factorization if and only if every leading principal
submatrix A3 € R™*™ m =1,...,n, is full rank, det(A411) # 0. When it exists, the factorization is unique:
there is exactly one pair of a unit-diagonal lower-triangular L and an upper-triangular U with A = LU.

Proof. Necessity. Let A = LU be a full-rank LU factorization and fix m < n. Partitioning conformally with

Ay € R™Xm
lAll A12] B [Ln 0 ] [Un UlQ}
Ag1 Agg| Lot Lag| | 0 U’
the leading blocks give Ay; = L11U11. Since det(Lq1) = 1 and the diagonal entries uiy, ..., Umnm, of Uy are
nonzero ([, u; = det(U) # 0), det(A11) = [} uiz # 0.
Sufficiency and uniqueness. Both follow from a single induction on the leading block size. For m = 1, the only

factorization is [a11] = [1] - [a11], full rank when a1 # 0. Suppose the leading block Aj; € R™*™ has exactly
one full-rank LU factorization L11U;1, and border it with the next row and column of A (a2 a column, as; a

10



row, agy a scalar). Then

A anp _ L1y O |Un Liltars
as1 a2 anUt 1| | 0 age —agAjfarn

as verified by multiplying out, using as; Uﬁl Ll_llalg = CL21A1_11G12; and any full-rank LU factorization of the
bordered block coincides with it, since the block equations force the factors in turn: the leading blocks form a
full-rank LU factorization of A;; (their diagonals lie on the bordered factors’ diagonals), hence equal L1 and
U1 by the induction hypothesis, and the bordered column of U, row of L, and final diagonal entry of U are
then each uniquely determined. Since the determinant of the bordered block equals det(A11) (ag2 — a1 Al_llalg),
the new pivot is nonzero exactly when the bordered block is nonsingular, and the factorization is then full
rank. [

If instead asy — a21A1_11a12 = 0 at some step, the construction still produces an LU factorization of the
bordered block, but with a zero pivot—a rank-deficient “low-rank” LU.

The Schur complement and the principal pivot transform
Note the role of A1; in the LU factorization in general. Equating blocks,

A = L11Una, A1 = Lo1Uny, A1a = L11Ux2, Agg = Lo1Uyg + LooUso,
so the trailing factors satisfy LosUss = Agg — Lo1Uje, the Schur complement, and
S = Agy — LojUjy = Agg — Agy Ut L A1 = Agg — Ao AT Ass. (5.1)
1
Ay

b
For a block system A lﬁ] = [61] , S describes the reduced system. In particular:
T2 2

Lemma (principal pivot transform). If A;; is full rank, then

A A |71 b1 AL AT AR [ 1

[Azl A22] L@] lbj lAmAﬁl S T2 ba (5:2)
with S = Agy — AglAﬁlAlg: the transform exchanges the input block 1 with the output block b; of the
linear map.

Proof. Premultiplying the first block row Aj1x1 + Aisxs = by by A1_11 gives
T + AilAlQ.’EQ = Afllbl, i.e., r1 = Aﬁlbl — AI11A12562,
the first block row of the claim. Substituting x; into the second block row Asix1 + Agexe = bo gives

Aoy ATy + (Agg — Ag1 AT Ao o = bo,
S

the second block row. [J

In-class exercise: a formula for A~! via the PPT. Use the principal pivot transform to derive a formula
for A=1. Resolution. Apply the transform twice: first forward, then backward. The forward application (5.2)

xI9 bz
Now apply the transform to T backward, pivoting on its trailing diagonal block Tos = S (the same lemma
with the roles of the two blocks exchanged, proved identically), which exchanges xo with bo:

T — T125 ' T T12S_1] lbll B l!l/‘l]

b
exchanges the input block z; with the output block by; call the resulting matrix 7', so that T’ 1] = lxll .

—S_1T21 St by o

11



The matrix on the left maps b to  and hence equals A~!; substituting the blocks of T from (5.2) gives

AT+ A ARS T A AT A ARST!

A*l
— S~ Ay A7 51

, (5.3)

valid whenever A;; and S are invertible; given Aj; invertible, S is invertible exactly when A is, since
det(A) = det(A11) det(S). Equation (5.3) is the block form of the Gauss—Jordan inversion formula.

Low-rank LU and numerical pitfalls

If rank(A) = r < n, one can hope for a “low-rank” LU, A = LU with L € R™*" lower-trapezoidal (unit
diagonal) and U € R"*"™ upper-trapezoidal. Again, existence requires det(A11) # 0 for the leading blocks
A1 € R™™ with m < rank(A). This condition may not hold in general, and it is hard to predetermine.

Moreover, a small det(Aj1) is also problematic numerically. Returning to the algorithm with the first-

row/column partition,
air arz| _ |10 | junn we
az  Ag b1 Loo| | O Usl|’

we read off w11 = a11 and u1s = aq9, then
Uy = ag1/ui1,

which exists if u11 # 0 but is large in magnitude if a1 =~ 0, and finally
LooUso = Aoy — la1u12,

into which a large f5; propagates—and from there into every later step. Note also that

det(An) det(Lu det U11 Hu“

for each leading block (unit diagonal of L), SO Uy, = det( ) / de t(A(m 1)): the nonzero-minor condition
is exactly the nonzero-pivot condition, and small minors manlfest as small pivots and large multipliers.

Partial pivoting
The general cure for both the existence and the numerical issues is partial pivoting.
Permutation matrices. P € {0,1}"*" is a permutation matrix if each column of P is a distinct column of
the identity matrix. Properties:
o PT = pP~! (that is, PTP = I);
| P||,, =1 for m = 1,2, 00, and consequently x(P) = 1: permuting is perfectly conditioned,;
e Pz can be computed in O(n) time—a reordering, with no arithmetic.

A row swap is the special case exchanging entries j and k: y = Px has y; = x; except that y; = 3 and
Yr = x;, given explicitly by
P=T1—(ej—er)(ej—er).

Pivoted LU. A row-pivoted LU factorization is
PA=1LU,

with P a permutation matrix. Suitable P, L,U exist for any A with rank(A) = n (more care—column
pivoting—is needed in the low-rank case).
Partial pivoting computes a row-pivoted LU factorization whose permutation is a product of (elementary)

swap permutation matrices,
P=P, P

12



(P applied first), where each Py is a swap of the form above, exchanging row k& with some row j > k chosen
during the elimination.

The GEPP algorithm. Gaussian elimination with partial pivoting computes [L,U, P] = GEPP(A,n)
recursively:

1: function GEPP(A, n)

2:

©

if n =1 then
return L =[1], U = [an], P =[1]
end if
find ¢ such that |a;1| is maximal
P1 — I — (61 — 61')(61 — 61')T; B« PlA

w1y <= b1, wiz < big, flo1 < bo1/bi1 > one step of LU on B
[Laog, Usa, P3] + GEPP(Bag — b21b1_11b12, n—1) > recurse on the Schur complement
return L = L 0 , U= bin iy , P= L0 Py

Pyly1 Lo 0 U 0 P

10: end function

Note that the later permutation P, is applied to the earlier multiplier column by /b11. Correctness (PA = LU)
follows by multiplying out, using LooUso = P» (ng — bglbl_llblg> from the recursive call.
Properties of GEPP:

e GEPP produces an LU factorization for any full-rank A: the pivot search fails only if the current first

column is entirely zero, which would make that Schur complement—and hence A—rank-deficient.

o All subdiagonal entries of L have magnitude at most 1, since each multiplier is f21 = bo; /b11 with |by1|

maximal in its column.

AlT-use disclosure. These notes were prepared with the assistance of Claude and ChatGPT, including transcription from handwritten

lecture notes and drafting or editing of prose, examples, and derivations. The author reviewed the final document and assumes responsibility
for its content.
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