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Interpolation
� Given (t1, y1), . . . , (tm, ym) with t1 < · · · < tm an interpolant f satisfies:

� Interpolant is usually constructed as linear combinations of basis functions
{φj}nj=1 = φ1, . . . ,φn so f(t) =

�
j xjφj(t).



Polynomial Interpolation
� The choice of monomials as basis functions, φj(t) = tj−1 yields a degree

n− 1 polynomial interpolant:

� Polynomial interpolants are easy to evaluate and do calculus on:



Conditioning of Interpolation
� Conditioning of interpolation matrix A depends on basis functions and

coordinates t1, . . . , tm:

� The Vandermonde matrix tends to be ill-conditioned:



Lagrange Basis
� n-points fully define the unique (n− 1)-degree polynomial interpolant in the

Lagrange basis:

� Lagrange polynomials yield a convenient Vandermonde system, but the
basis functions are hard to evaluate and do calculus on:



Newton Basis
� The Newton basis functions φj(t) =

�j−1
k=1(t− tk) seek the best of monomial

and Lagrange bases:

� The Newton basis yields a triangular Vandermonde system:



Recurrences for Newton Basis
� The Newton basis functions φj(t) =

�j−1
k=1(t− tk) can be evaluated at t with

O(n) work using a simple recurrence:

� A recurrence known as the divided-di�erences formula gives a stable way of
e�ciently computing the coe�cients x:



Orthogonal Polynomials
� Recall that good conditioning for interpolation is achieved by constructing a

well-conditioned Vandermonde matrix, which is the case when the columns
(corresponding to each basis function) are orthonormal. To construct robust
basis sets, we introduce a notion of orthonormal functions:



Legendre Polynomials
� The Gram-Schmidt orthogonalization procedure can be used to obtain an

orthonormal basis with the same span as any given arbitrary basis:

� The Legendre polynomials are obtained by Gram-Schmidt on the monomial

basis, with normalization done so φ̂i(1) = 1 and w(t) =

�
1 : −1 ≤ t ≤ 1

0 : otherwise






