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Sensitivity and Conditioning (1D)

How does optimization react to a slight perturbation of the minimum?
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Sensitivity and Conditioning (nD)
f@) € ~~—
How does optimization react to a slight perturbation of the minimym?
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Unimodality \

Y «*
Would like a method like bisection, but for optimization. >4
In general: No invariant that can be preserved.
Need extra assumption.
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Golden Section Search
Suppose we have an interval with f unimodal:

¥ s a4 (1) (Lo
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Would like to maintain unimodality.
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Golden Section Search: Efficiency

Where to put x1, x27

.

Convergence rate?

Cnew  wf ey T

S

Demo: Golden Section Proportions




Newton's Method / /
Wi #1° Xpe — /(N})

E{k.;ahiiﬁ : / m

Reuse the Taylor approximation idea, but for optimization.

A
pest] - 51 I T =)

Demo: Newton's Method in 1D




Steepest Descent

Given a scalar function f : R” — R at a point x, which way is down?
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Demo: Steepest Descent




Steepest Descent: Convergence

Consider quadratic model problem:
1 1 T
f(x)= 5X Ax +c'x

where A is SPD. (A good model of f near a minimum.)

Define error e, = x, — x*. Then

T | O'max(A) - Umin(A)
Hek+1’®m WHek,A

— confirms linear convergence.

Convergence constant related to conditioning:

Umax(A) - Umin(A) ’%(A) —1
Omax(A) + omin(A) | k(A)+1°




Hacking Steepest Descent for Better Convergence
Extrapolation methods: Look back a step, maintaint’momentum’.

Xkl = Xk — ak VE(Xk) +obpmmmmmn)

Heavy ball method: constant ay =& and B, =4B. Gives:

|lexs1lfa =

Conjugate gradient method:

(ak, ﬂk) = argminak’ﬁk [f(xk - Oéka(Xk) + 5k(xk — Xk1)>:|

» Will see in more detail later (for solving linear systems)
» Provably optimal first-order method for the quadratic model problem
» Turns out to be closely related to Lanczos (A—orthogonal search

directions) *)‘ﬂ) ~ XrA‘?



Nelder-Mead Method J /lei( 4
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Demo: Nelder-Mead Method




Newton's method (n D) v‘psa

¢ (‘\,

What does Newton’'s method look like in n dimensions?
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Newton's method (n D): Observations

Drawbacks?

Demo: Newton's method in n dimensions




