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k ik =

/Ax=XxCxi7
-

Xo  = A X
,

t f Xz t f Xz t -
. -

Xkti  =
A Xk

then  
=Ak to  = A X ,

"
x , t p Yak Xz t r X: Xs t . . .

= X
,

" ( a x
, t p 1¥)

"

Xz t t ( ¥)
"

t t - - - )
IT KT

k → *

×f÷ → ax
, Converges to the eigenpair ( Xi ,

Xi )



• Overflow → normalize

• Xo without component Lao , fun !
kaendtomhafapen.it

along Xi Is floating point operations
usually introduce such

• I H - Hel →
does not converge

to × ,

component .

( method fails )



Rayleigh quotient
i X = xt.tt#

X

where x is the converged

eigenvector
from power iteration



(k) k

ek =
��� � (k)

��� .

er na ⇐*
" ne:# ⇐

⇐t
constant

µennH=/÷/Helinearcomergena

-

Cost : Oln
'

) mat - rect



Matrix It with eigenvalues

lay
> 1h13- -

- > int

Inverse Power Iteration
.

.

.

-

:

A x = Xx → A-
'

Ax = A-
'

xx → ÷
x -

-
A'

'

x

(IT ,
X ) is eigenpair

of A
'

Power iteration xa+,
= A x. a

→ converges
to largest A ⇒ x ,

Inverse Power iteration Xm ,
= A'

'

xn → converges
' to largest ⇒ In

Algorithm : Xo : random
Convergence

for Ke O
,

I
,

-
.

.

-
i

solve Axn .
= ra

y
Factorize first

qµH=µ÷ )
normalize

→
solve sequence

Cast = ? Oth ) of triangular solve



Matrix It with eigenvalues IT , I > 121> - -
- > int A¥T

Shifted :

Xu ,
= ( A - TIJ

'

XK - converges
to largest eigenvalue

of LA- TI )
- *

(A -JIT
'

x ⇐Tax → ¥ x = CA- TI ) x = Ax - TIX = xx - Tx

I largest I → smallest C ' - A → ifeng.seste.at

Algorithm

µftp.rigenahnjshiarosyns?emsEaocn9ktimes

to =
random

- convergence :

tor main a.ram -

- in I
"aee:=¥:::÷:÷normalize



rayleighQ.no#titeration

the = XntAXr
XE

 

Xk

( A - FI) Xan = Xk

at least quadratic convergence

I needs to factorize every iteration C more expensive)}tr¥¥f

- may not
converge

to desired eigenvector .

GO TO DEMO !



Power iteration , methods → one eigenvalue
at a time

What if we need all of them ?

- start random Xo E IR
"  

pen

-
iterate Inti-AIn

- Issues :  -
overflow → rescale

-
X increasingly ill

.

conditioned

( all columns of X converge
to x

, )

( x.X , ) : dominant eigenpair of A Fix , Orthogonal ize !

11
,
I > Hal -

- .



Orthogonality

A = are
upper triangular

start Xo ERI
" "

orthogonal

Factorize : Xo =
Oo Ro

Update i
X

,
=AQo

Factorize : Xi = QR ,
- Xi .

- Q ,
Ri=AQo⇒A=QiRiQo

Update : Xz = Ahh ,

Factorize : Xz=QzRz -
Xz=QzRz=AQ ,

⇒ A  
=QzRzQT

Up ,dalt: Xs = Alk
I

:

Factorize :
Xr = Or Rie - Xu .

- OnRn=AQn ,
⇒

A=0nRrQaI

Update i Xu , = AQ .

when % Oh → converges Ceonontuearggo:D cheeky



Algorithm
start Xo E R

" "

-

slow
convergence

for K = o
,

i
,

-
- - - computationally( ' Effie. ¥::garum emineeiean.ro:

At convergence
i AEEOn Rn QE

→ Rie diagonal entries

are the eigenvalues
of A



Lite
for

Xo = I → To = Ro Ro ⇒ Ro = do = t → Xie AI

start Ao = A

Factorize : Ao = Do Ro →
dotOoRo=

dot
Ao → Ro  =

DotA

Update i A, =
Rollo - Ai = QIAO Qo

Factorize : A -

- QR , → QTQ ,
Ri = QFA, → R -

- 05A

Update : Az . Rid , - AE OFA Qi

Factorize : Az = On Ra → DEAR  = DEA → Rz -

- OFA e

Update

: As = Raaz - Az = DIAZ Q2

!

Factorize :
Are

= On Rr - QIAN -
-

QE On Rn → Rr -
- OFAn

Update i Anti

i-Rnda-IAIO.AM

'

-



Algorithm
start to =

A

for K = Odi .
-

-.

Factorize Qr
,

Rie = la .gr ( Xn )

Update X
hit = Rn Ok

XKH E Xk → converges

Xn diagonal entries are the eigenvalues
of A



Q R t Shift e- Shift is chosen so that

- it is close to existing

start to =
A eigenvalue .

for the Oil .
-

-.

Factorize Ok
,

Rie = la .gr ( Xu
-Tnt )

Update X
hit = Rn On ItTa IIe::?a :* .ru#aianrn=rn

still similarity transform : Xan -

- Renan the I

Xnti = OTHERE) On t Tnt

Xu
,

ahhQu - Tn OILneon I


