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#

- E T - Du t b. D u = f

u = O on P

Galer kin form :

- s ( D u ,
Tv ) t ( b - ru

,
u) = ( fu)
q

① non - symmetric
② coercive?

Options ① Pick a better F.E. space

② " stabilize " add a term to
Galer kin (Super)

③ least - squares



Objectives
I . Outline the basic "

mechanics"

of
a
(east - squares method

2 . Identify drawbacks

3 .

Construct a
L
.
S . method and

build a connection the more

( for Lax - Milgram)

4 .

Introduce an

' '
error estimate

"



Recall
Take Lu -_ f on R

T
some operator

Galerkir : find u e V St
.

( = ( f. v) t vet

let alum)
or

IBP

show c.HU/lu7EaCuiu7E4lullf
-

al;) is V- norm equivalent ,



Let's assume L i3 non- singular

(
"⇒ - u

"
- f

→ L 1=0

tix → fi 's
Let Glu ;H = H Lu - th:

"
=

"

the least square , functional"

= ( Lu - f , Lu - f ?



Glu ; f) = Hln - 7112

Q : what minimize Glu) ?

The Gieteaux Derivative :

let f : Lt → T

The G - derivative of f at vain the

direction of v is

d. Gcu)
= 1in Gluten) - Glu)
-

{GO 2

Set dobla) -- O b- v
,
find u

.



Glu) = Illa - FIR

Glut a) = (Lute Lv - f , Lutslv
- f >

= ( Lu - f
,
Lu- f>

+ Zz L Lu - f. Lu> tech, LD

→ Glut Ev) - Glu) LLu#-f>
-

= +24L Lu
- f
,
Lv> t EK Lu , Lv)

E
- ¢wf7
-

E

= 2 ( Lu - f
,
Lv> the Llv , Lv>

→
<→ 0

= 2 < Lu - f ,
Lv>

→ set EO tv :



2 L Lu - f
,
C u> = O V- VET

→ LLu.LD-sf.lv#
Similar in IR

"

A. ,
k

min 11 Ax - tollf:÷÷¥÷¥
:*.

→ LAX , Av> = ( b , AD



Let VHCV .

Then this holds :

raunchy, llhuh - flt → < Lun,↳=G↳

t ve VHCV .

If Oli is a basis for Vh .

( a '
'h'at

" function)

Then let uh -- E fi di

Ai ; :'-( Lloj ,
Loti >

b ; = Lf , Loti>



A few observations
-

① Ai ;
-

- Kol ; Yeti>

→ A is symmetric .

② A i3 ( semi) positive definite
:

L Lv ,
LD = Hulk? O

③ Consider ↳ u" ( with b. c.)
Galer kin : ( u' ,v

' ) n Klan⇐



LS : ( u "
,
v
") - KCA) Och-4)

↳ need higher order elements



Next up : a first -order system

Example
- u
"
= f

k = o on f

let q
= u

'

Then
- q
' = f

of
- u
' = O

1¥ . lift :]
① Knoche)

② introduce more variables !



Back to
-D . Dru t b -Tu t cu =

f

Iif contain TEAM

u= g,
on B

n .Dou - gu on ff
Three steps :

① FOS -Tze the problem

② Identify L and the weahfrm

③ Show ellipticity Lin something



-D . Dru t b -Tu t ca =
f

let g-
= DOU

- D . E t b.D-'
q
t cu = f

→ ②{
- q t

Dou = O
①

u-- go on TD → D-
'

q
. I -

- O( ne. "i:÷n
.

E.÷. Etl:3
c-



WHAT are we doing?

mining
.

H Dou- q Ift H -D. ±tb.D-tqtcu-HTGT.az
Make it easier : D= I

b- = o

② L -- fi . g)
c
-
- o

Fine CEI set
. II . HI

,

= Lf:]
,
DIED



③ is LLC:3
,
L ( E3> = (CET

,
LED

elliptir?
Back to Galer kn

i¥E,→ look at H!
Hull? = Hullett youth

look AEL C:3
,
ICED
- b

The formal) adjoint (EL ( It] , [I]>



What is
"
*
"

?
-

Here it is the format adjoint
For operator L ,

The formyl

adjoint L
't is The operator set

.

( Lu,% = Lu
,
Ev>

for all ( smooth) up with compact support.

Example
-

L = dx
( Luis = Indira v = unit- frudxv

= fufdx)v
(
*
= -Ox = Cu

,
Ev>



what about
*
= ? -D .

I → Ear -on

OE = ?
= DX

Bach toy L (73,14)
(
*

L B called the formal normal
- -

op .

→ a guide



E- EE ← L -- E: :]
it.

see.÷÷
.)

(LIC:3 ,
7

= ( q - 00 . £ , g) t C- o.O a, a>

= L § , I >
t ( o.q ,

o . of> t 204047
- -

H Cdn) " gtld lati Hr



→ coercive ( conf in

V = Han x H
'

QI -- exact
of u

e = error

H -o ( Ite) -
- f IT t H- of - E tou If

= H - o . ell
'

t Helf
um



The fit :
- p . of + b . u t cu = f

-

q t DO u
= O

L { ox D-
'

t.EE?o..a=o*-bou--OXDuEL--fI?
-

E)
⇒

→ CH ' Id x H
'

elliptic .




