
1D Advection Equation and Characteristics

ut + aux = 0, u(0, x) = g(x) (x ∈ R)
Solution?
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Solving Advection with Characteristics

ut + aux = 0, u(0, x) = g(x) (x ∈ R)
Find the characteristic curve for advection.

Generalize this to a solution formula.

Does the solution formula admit solutions that aren’t obviously allowed by
the PDE?
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Finite Difference for Hyperbolic: Idea

x

t

{(xk , tℓ) : xk = khx , tℓ = ℓht}
If u(x , t) is the exact solution, want

uk,ℓ ≈ u(xk , tℓ).

Condition at each grid point?

What are explicit/implicit schemes?
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Designing Stencils
ETCS:

ITCS:

ETFS:

ETBS:

Terminology?

Write out ITCS:
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Crank-Nicolson

x

t

Crank-Nicolson

Write out Crank-Nicolson:
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Lax-Wendroff

x

t

Lax-
Wendroff

What’s the core idea behind Lax-Wendroff?

Write out Lax-Wendroff.
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Exploring Advection Schemes

Demo: Methods for 1D Advection [cleared]

▶ Which of the schemes “work”?
▶ Any restrictions worth noting?

54



Outline

Introduction

Finite Difference Methods for Time-Dependent Problems
1D Advection
Stability and Convergence
Von Neumann Stability
Dispersion and Dissipation
A Glimpse of Parabolic PDEs

Finite Volume Methods for Hyperbolic Conservation Laws

Finite Element Methods for Elliptic Problems

Discontinuous Galerkin Methods for Hyperbolic Problems
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A Matrix View of Two-Level Stencil Schemes
Define

v ℓ =



u1,ℓ
...

uNx ,ℓ


 , v =




v1
...

vNt


 .

Define

uℓ =



u(x1, tℓ)

...
u(xNx , tℓ)


 u =




u1
...

uNt


 .

Definition (Two-Level Finite Difference Scheme)

A finite difference scheme that can be written as

is called a two-level linear finite difference scheme.
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Rewriting Schemes in Matrix Form (1/2)

Phv ℓ+1 = Qhv ℓ + htbℓ

Find Ph and Qh for ETCS:
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