


Stability of ETBS (3/3)

Summarize ETBS stability:

Comments?
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Outline

Introduction

Finite Difference Methods for Time-Dependent Problems
1D Advection
Stability and Convergence
Von Neumann Stability
Dispersion and Dissipation
A Glimpse of Parabolic PDEs

Finite Volume Methods for Hyperbolic Conservation Laws

Finite Element Methods for Elliptic Problems

Discontinuous Galerkin Methods for Hyperbolic Problems
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Discrete (Space) Fourier Transform

Assume x infinitely long. Define:

x̂(θ) =
X

k

xke
−iθk

When is this well-defined?
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Inverting the Fourier Transform

To recover x :
xk =

1
2π

Z π

−π
x̂(θ)e iθkdθ.

Proof?
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Getting to L2

▶ Fourier Transform well defined for x ∈ ℓ1.
▶ Problem: We care about L2, not ℓ1.

Theorem (Parseval)

If ∥x∥2 < ∞, then

∥x∥2
2 =

1
2π

Z π

−π
|x̂(θ)|2 dθ < ∞.

Impact?
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Toeplitz Operators

Definition (Toeplitz Operator)

An operator T is a Toeplitz operator if (Tx)j =
P

k xkpj−k . In this case,
p is called the Toeplitz vector.

Example: ETCS

Let λ = aht/2hx . Then

uk,ℓ+1 = λuk−1,ℓ + uk,l − λuk+1,ℓ.

Is ETCS Toeplitz?
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Is ETCS Toeplitz?
(Phuℓ+1)j = uj ,ℓ+1

!
=
P

k uk,ℓ+1pj−k

(Qhuℓ)j = λuk−1,ℓ + uk,l − λuk+1,ℓ
!
=
P

k uk,ℓqj−k
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Fourier Transforms of Toeplitz Operators (1/3)

yj =
X

k

xkpj−k
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Fourier Transforms of Toeplitz Operators (2/3)

ŷ(θ) =
1
2π

Z π

−π
x̂(φ)

X

j

 X

k

e iφ(k−j)pj−k

!
e i(φ−θ)jdφ.
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Fourier Transforms of Toeplitz Operators (3/3)

ŷ(θ) =
Z π

−π
x̂(φ)p̂(φ)

1
2π

X

j

e i(φ−θ)jdφ.
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Fourier Transforms of Inverse Toeplitz Operators

Fourier transform P−1
h Qhy?
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Bounding the Operator Norm
Bound

P−1
h Qh

2
2 using Fourier:

Is the upper bound attained?
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