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Consistency and Convergence
Assume u, (0% )u, (07*)u € L?(R x [0, t*]).

Definition (Consistency)

A two-level scheme is consistent in the L?-norm with order g; in time and
gx in space if

hy o
Wzl < o(h2y na R
V!vlmaln\sﬁ" g ) b

Definition (Convergence)

A two-level scheme is convergent in the L?-norm with order g; in time and
gx in space if r—“ (: -

", “\e) h >0

Mmax ”e I - L h B ohoa

2, Uhet”

'
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Stability

Phver1 = Qnvy

Write down a matrix product to bring vg to vy:

s - Q
v{»(Ok Q)
/

Definition (Stability)

A two-level scheme is stable in the L%norm if there exists a constant ¢ > 0
independent of h; and hy so that

fesrare] <

for all ¢ and h; such that ¢h; < t*.

65



Lax Convergence Theorem
Theorem (Lax Convergence)

If a two-level FD scheme is

» consistent in the L2-norm with order q; in time and g in space, and
» stable in the L%2-norm, then

it is convergent in the L?>-norm with order q; in time and gy in space.
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Lax Convergence: Proof (1/2)

a:’ ;-\M-Cb\ dau,

DQU,-QG"‘C{"
Py JM?T;/W

= -l >
8&“2 p 0,‘( ‘) TL t

. .;‘9.0, e=0. (&(&hh‘)hhl\

Q, h, Py l’
L,(VQ)O T, -l—pt’lﬁt_

> - Q"’I - >
e(': hl— él(ph Q..) ph'th‘vl
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Lax Convergence: Proof (2/2)

’ Ak s Al flvy
ey = h; Z(Ph_lQh)é_mPh_le_l.
0S dh € & Em
e -uz ((0'a) 0 e

chg

eh-}ﬁ

¢

” (p,, Qn -l ’l/
“‘mrr“

box  llT ) s ¢ O+
Lh, < L”1 < ’ t)

<0(by+ L:‘) [aSiSlMB

fm.; ((
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Conditions for Stability

fesrare] =

Give a simpler, sufficient condition:

“ O‘"Oh " < | J @:’/ (¢
©) UX-Q&“ M}o«v ;LL;Inlf"ly

How can we show bounds on these matrix norms?

— bavhs have %W\(ACOY JU b, lA
_ F”""'ﬁ Wiy - ,wmaﬂv) omb\/m
- b pave bow & singd o voling
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Stability of ETBS (1/3) {S |

Theorem (Gershgorin)

For a matrix A € CN*N = (a; ),

N
o(A) C U é(ajwz aj,k) :
e sm = =
( @Q en)mo\us\

Uk o41 — Ukl " aUk,e —Uk—1¢
ht hx

Analyze stability of ETBS:
Lﬁ\ )\*‘ % R V\leﬂ* /\(ﬁk_"q *(l‘A\\A.r&. .
P-T Q,~tndlag( A 1N 0). Rl

h

ETBS:
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Stability of ETBS (2/3)
Py =1 and Qy = tridiag(A, 1~ \,0).

Q:Q s tndla
HA(1-1) 20

O< (1<) "~

! A V\U\,\Ocjau slk) /

Cowsider siu]uiq voleey of P"O O 'Q"]""’“‘l“’s ot Q

)

A(R) (AT 48 A1), Avse, O
FA L me)Jw d\ca? Q'8,.

DN cf- ) -N e -2
/\‘
<t YR € A g

[+t 7At =0

< |

Ve 0 g 061), (Alis bowmded biow byl

i
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Stability of ETBS (3/3)

Summarize ETBS stability:

ETACis shble if oat ou‘a € =A<
"anddibioal shby iy

ahe
€ ‘; <l &) he2 b
(awu\r -Tnedvichs - U'M C%N“‘” C*L(( Q_M_(ﬂn

Comments?
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