
Fourier Transforms of Inverse Toeplitz Operators

Fourier transform P−1
h Qhy?
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Bounding the Operator Norm
Bound



P−1
h Qh



2
2 using Fourier:

Is the upper bound attained?
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von Neumann Stability
Two-level finite difference scheme

Phv ℓ+1 = Qhv ℓ + htbℓ,

where Ph and Qh are Toeplitz operators with vectors p and q.

Definition (Symbol of a Two-Level Finite Difference Scheme)

Let
p̂(θ) =

X

k

pke
−iφk , q̂(θ) =

X

k

qke
−iφk .

Then the symbol of the two-level FD method is s(φ) = q̂(φ)/p̂(θ).

Definition (Von Neumann Stability)

If

max
φ

|s(φ)| ≤ 1, max
φ

����
1

p̂(φ)

���� ≤ c

for some constant c > 0, we say the scheme is von Neumann stable. 84



Comparison with Lax-Richtmyer Stability

Need


(P−1

h Qh)
ℓP−1

h



 ≤ c .

Why is bounding the symbol the most salient part?

Main restriction of von Neumann stability?
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von Neumann Stability: ETBS (1/2)
ETBS: Let λ = aht/hx . uk,ℓ+1 = λuk−1,ℓ + (1 − λ)uk,ℓ.
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von Neumann Stability: ETBS (2/2)
Found: |s(φ)|2 = 1 + 2(λ− λ2)(cosφ− 1).
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von Neumann Stability: ETCS
Let λ = aht/hx . Then

uk,ℓ+1 =
λ

2
uk−1,ℓ + uk,ℓ −

λ

2
uk+1,ℓ.
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von Neumann Stability: Crank-Nicolson

Let λ = aht/(4hx)

−λuk−1,ℓ+1 + uk,ℓ+1 + λuk+1,ℓ+1 = λuk−1,ℓ + uk,ℓ − λuk+1,ℓ.
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Outline

Introduction

Finite Difference Methods for Time-Dependent Problems
1D Advection
Stability and Convergence
Von Neumann Stability
Dispersion and Dissipation
A Glimpse of Parabolic PDEs

Finite Volume Methods for Hyperbolic Conservation Laws

Finite Element Methods for Elliptic Problems

Discontinuous Galerkin Methods for Hyperbolic Problems
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Studying Solutions of the PDE

Saw numerically: interesting dispersion/dissipation behavior.
Want: theoretical understanding.

Consider linear, continuous (not yet discrete) differential operators

L1u = ut + aux ,

L2u = ut − Duxx + aux (D>0)
L3u = ut + aux − µuxxx .

What could we use as a prototype solution?

91



A Prototype Solution of the PDE

Observation: all these operators are diagonalized by complex exponentials.
Come up with a ‘prototype complex exponential solution’.

What type of function is this?
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Wave-like Solutions of the PDE

z(x , t) = z0e
i(kx−ωt)

Observations in connection with L?

What is the dispersion relation?
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