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Monotone Schemes: Properties

Theorem (Good properties of monotone schemes)

» [ocal maximum principle:

min up < G(u); < max uj.

iestencil around j "~ i€stencil around j
» [l-contraction:
16(u) = G(V)llp2 < flu—= vl

» TVD:
TV(G(u)) < TV(u).

» Solutions to monotone schemes satisfy all entropy conditions.
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Godunov's Theorem

Theorem (Godunov)
Monotone schemes are at most first-order accurate.

What now?

| Qs fhe ek )d TUD
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Linear Schemes

Definition (Linear Schemes)

A scheme is called a linear scheme if it is linear when applied to a linear

PDE:
us + auy, = 0,

where a is a constant.

Write the general case of a linear scheme for u; + uy, = 0:

f K
R RTINS

k--k
Non love &) A q‘(’\) >0

G Qs+ o huve ) posie

160



Linear + TVD =7

Theorem (TVD for linear Schemes)

For linear schemes, TVD = monotone.

What does that mean?

L\«c,ar IWV‘) ) Filslf ovdet, éw.'

.

Now what?

Twl fov  nolivew  sche mes )

(! /El’r"‘)'.l )
/\’mck b prove. TV . T\I(aq)=£(m)-,,|(-m)-,()
J
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Harten's Lemma

Theorem (Harten's Lemma)

If a scheme can be written as
Bjer1 = G0 + MGa1/2B4 8 — Dj1pA i)

with Giy1/2 >0, Djy1/5 >0, 1= X(Cyay2 + Djy12) > 0 and A = he/hy,
then it is TVD.

As a matter of notation, we have

Avup = Ujp — U,

A_UJ' = uj—uj1.

We have omitted the time subscript for the time level £.
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Harten's Lemma: Proof

A= Do OG0 8005 = Dy 84))
= Ak"‘j *)‘( SEF.OH ““{ Bt £

| Al € i(_ [~ MG+ Dy ))I/Ms\

+ A C;@\ﬂﬂiﬂ‘ +h ®5"’11A‘M”/

i.jgil“{ ‘Af“j') * (J@)'"*{ ‘ Af“J"'

GU‘)

TV

= Ty (WY

\EL‘ {S(_\A"{u)' < {g ( l'/\(c).*é\”)ﬂl/‘) "”\ C,;,:d\),,{) \A+“,‘
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Minmod Scheme
Still assume f’(u) > 0.

*,(1 — 1 - —
£ = (8 + 5 (@~ @),

. o1,
£ f(a;+ §(uj — Oj-1) ).

i1 =
- —
J cemhall ,
Design a ‘safe’ thing to use for i: wpuid
' Q I“‘<“2| aLro .
WIAV\OA o.‘g =z ¢ "'_: M (*,(1) ~l )
( ' ) b “0(5 (n‘,aLbo V‘) L—M \/‘) I MJ
“1 )
O abso (e
- chp:s

s/f'l)

ity = Q- uj)

“shpe L’

@ Qo:o-l il

whiel drice s TV sinalt
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Minmod is TVD
Show that Minmod is TVD:
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