Harten's Lemma

Theorem (Harten's Lemma)
If a scheme can be written as
Gjer1 = U0 + MCir128+0j — Dj_1pA_17y)

Wlth C:i+1/2 Z 0, Dj+1/2 Z O, 1-— >‘(C:j+l/2 - Dj+1/2) Z 0 and A= ht/hx,
then it is TVD.

As a matter of notation, we have

Ajuj = uj1 — uj, ?{“)’ﬂ’) N S ' (ﬁ“’}
Ay = u—uji1 J/y

We have omitted the time subscript for the time level £.
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Minmod Scheme q &,
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Minmod is TVD

Show that Minmod is TVD:

R o™ Bt _)\h“i i) -Plas.
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Minmod: CFL restriction?

Derive a time step restriction for Minmod.
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L/islv.h'li
u
U(l) = uy + htL(ng), Upp1 = EZ + E(U(l) + htL(U(l)))

Above: A version of RK2 with L the ODE RHS. Will this cause wrinkles? M[v,p
TV 5 acwme bondiond TV{M’I (1) i)e &TV[C)+(I-4)~H )
. . " | |
N o) TV(_;+{(Q"+1A&L(M£)))>
< '7_(“1(0\‘) T.’l T(/( W 4 (n&(,( h(:)))
< 'JW“&\ X: %TV(V("

Ww Time Integration? Sr'g ’p)’”;d’f‘)%,,.?( 550[&%[7,2)
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Total Variation is Convex

Show: TV(-) is a convex functional.
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TVD and High Order

Can TVD schemes be high order everywhere? (aside from near shocks)

ﬁﬂ
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High Order at Smooth Extrema | plx)~ 1
> prtn

» TVB Schemes [Shu ‘87] [ Ps(x)s {\(- ) (x-
» ENO [Harten/Engquist/Osher/Chakravarthy ‘87] gy

> Define W, = w(xjy1/2) = [/ u(€, t)dE = h S G
T

X122 222
> Observe uji1/2 = w'(Xj11/2).
> Approximate by interpolation/numerical differentiation.
» Start with the linear function p®) through Wi_1 and W;
> Compute on (V‘/j—Qa VVJ'—la VVJ)
» Compute divided differences on (W;_1, W;, Wj;1)
» Use the one with the smaller magnitude (of the divided differences) to
extend p(!) to quadratic
» (and so on, adding points on the side with the lowest magnitude of the
divided differences)

» WENO [Liu/Osher/Chan ‘94]
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Outline

Finite Volume Methods for Hyperbolic Conservation Laws

Outlook: Systems and Multiple Dimensions

171



