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Systems of Conservation Laws
Linear system of hyperbolic conservation laws, A € R™*™:

As%ptions on A?

u;+Au, = 0,

5 AQ-‘ Q/\ u(x,O) = uo(x).

~ /\ < th?J()\” ,,/}m/

\

H w@wLOhL@) A l{)

o{lﬁyau ol roble W] read €i7tw««9u

> > Led  shclly h wholic )f
A ' Ao fp Caljwvdi% db b indd
7 . 4 > -l -‘_)

Ve Qut4QAﬂp 7D

A%ad

>
> D
v, + A v, =0
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: . 10g =0
Linear System Solution %6” Qxl?

&

oar
_ p-1 _ <
v=R "u, v: +Avy, =0.

. . >
Write down the solution. .

il £ 7l

P
T (x0)- U &l o)

What is the impact on boundary conditions? E.g. (Ap) = (—c,0,c) for a
BC at x =0 for [0, 1]? T

Cun ah\U) i ose & o CLO\WLL&ML‘Q} ‘1""10 {he 0(0\/“‘1"»:‘ u/aul
\ W 7\"13

= |' Mol Lew fagmT HRG,




Characteristics for Systems (1/2)

Consider system u; + f(u)x = 0. Write in quasilinear form:

l &l*]sfﬁu

When hyperbolic?

¢ Df g ,A u/ red eﬂ;vov’s

ShwcH\ M/ml’ﬂl’c iF e'yCuMhe) an dishud
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Characteristics for Systems (2/2) \//

What about characteristics/shock speeds?

- Qb Lb\_s\dﬂ;ilb (/L(/H' (choulr.’ cal .SL" [,‘(‘2:@(_
CLUVG(LWI(DH 5. M CI'\(A’G‘QM‘%(D J—t\mc\\)‘L DalLFl"
— fowf,‘. o 006 b chari cowves,

Are values of u still constant along characteristics?

/‘/0, On\\o c(»al. Laoqll—iw'\s art ‘ %&N 7 uhs!a«.r

7
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Shocks and Riemann Problems for Systems

u; +Au, = 0,
0
u(x,0) = {u/ X<

u x>0. L//

Solution? (Assume strict hyperbolicity with A\; < Ay < -+ < Ap.)

S >
V‘a’Z"‘P r
P

Z/erp >V ,f("v

Leb Q(x N be Hu may, Va[u\t of p o Had se- Ay

£
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Shock Fans (1/2)

What does the solution look like?

o e N

Jump across the characteristic associated with \,?

L) =(by) 7

7




Shock Fans (2/2)

Do those jumps satisfy Rankine-Hugoniot?

[£) = A0 = (Ao = (o) Vs
= ’\p [!ﬂ

How can we find intermediate values of u?

L) Uy, - (()"F"Ll);. o (/"m"h);*

shales .

Can wse Q‘H dy  <Bushun b o- \\ L Fiud i hwed.
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Two Dimensions

h

(8]

ut + f(u)x + g(u), = 0. Finite @ﬁmethods generalize in principle:

oh'j-, 1
de AR
|
I

‘1
rd,

91 g("‘(ml Y, Hl ‘7’[0\[ %19 H) 0{3

g*‘ﬂ\{
<

-l

A

( me,h)mnc/ d x

However:

— W WO 5 Cinl orde

- q_e, LOW;\IT\'\(,H\W ele/vtns L\//\JL
4 L%Ao\_u:) e Q‘)l[/ do S)ox prie

( Good MM(LNL{M g
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Outline

Finite Element Methods for Elliptic Problems
tl:dr: Functional Analysis
Back to Elliptic PDEs
Galerkin Approximation
Finite Elements: A 1D Cartoon
Finite Elements in 2D
Approximation Theory in Sobolev Spaces
Saddle Point Problems, Stokes, and Mixed FEM
Non-symmetric Bilinear Forms
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