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Examples: Order, Linearity?

(xuz)u‘xx_—i— (ux + y)uy, + uﬁ +yu, =f

qmasi;o/(nw !’1 wd oVl

(X +y + 2)ux + (2%)uy + (sinxX)u, = f

Som\( wei/ | l“o" ordn
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Properties of Domains

U\( C‘, X ) 'Y eﬁ,(—r&l\
o £<CO, T]
=~ wa\mk ;W\()ﬂt\/\/ e 8% sdubion”,

~ (e~ g
— VQM,J,—W\ C sYW/§

—~ cpraps

s

18



Function Spaces: Examples

“oa
L vecdor . . fﬁl
Name some function spaces with their norms. l__,‘/"‘\
11 “

Co(_n,) : canb 1'.,\ wOnY
C“(.)L) b~ {vmes uhlnnuw\\j ot flealille

com(a): M, - \(PI(,, +w‘\§; ;;;IU
M\(O\las va
UL & "Ligshkh el hglo)-fla)lig ey

()= L Rt S lal® obe oo =0~
H’CJL = ]((Pll + M'{

May also influence existence/uniquengss of solutions!
> weale Auaahic




Solving PDEs [—/7 . )
Closed-form solutions: -/ Ci(‘{’/’() (‘/{ (() V(!)
> If separation of variables applies to the domain: good luck with your

ODE
» If not: Good luck! — Numerics

General Idea (that we will follow some of the time)

> Pick V, Yy finite-dimensional
» h is often a mesh spacing

» Approximate u through v, € V, “

i R ————
» Show: up — u (in some sense) as h — 0

w(xfsia () V‘i c
U-\' P tg ge

Ly T I 20



About grand big unifying theories

Is there a grand big unifying theory of PDEs?

MO
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Collect some stamps

) SewnA -ovles Sine w

a(x,y)uXX—|—2b(X,y)qu—l—c(X,y)uyy+d(x,y)uX+e(x,y)uy+f(x,y)u = g(X’}/)

Discriminant value Kind Example

b?> —ac <0 Elliptic Laplace uy + uyy, =0
b2 —ac=0 Parabolic Heat uy = uyy
b?>—ac>0 Hyperbolic Wave usy = uyy

Where do these names come from?

Seongh 'EW Cb\”\’”\LMJFC Crres

G see &tc[/mrl nales \09 HO% ‘
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PDE Classification in Other Cases

Scalar first order PDEs?

(H\;]pew(abl(c

First order systems of PDEs?

T, (cdlpv,law;) ar paibk
See H07J Lov Cfracg;c’l‘(qho\
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Classification in higher dimensions

(P,
W/ Lu:= Z Z aj Bx 8x + lower order terms
iOX;

i=1 j=1

Consider the matrix A(x) =

(ajj(x))ij. May assume A symmetric. Why?

S chway ¢!

dheover

|

~
What cases can arise for the eigenvalues?

)\"u p\m(. G md

Slt\

L bnl omt Ao

(——\
3) 5A‘i =0

Pfom bol/ ¢ cace
dln’p he case

b e

< A .
m&g—h wdl
HL ol bl",“

()\j/@f;u dedees ok 4

i bra - ;pwu{"-
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Elliptic PDE: Laplace/Poisson Equation/M
Gt

Au—z —v Vu(x) 2 e + uyy, = F(x) (x€Q)
Called Laplace equation if f = 0. With Dirichlet boundary condition
u(x) = g(x) (x € 09).

Demo: Elliptic PDE lllustrating the Maximum Principle [cleared]

0w = (”A)waawn ')
KW ¢ ﬂ@hw =9 " ‘2"["(““)
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Elliptic PDEs: Singular Solution Foreomealod,
G w=fhne- 5—
W= dn- 2

Demo: Elliptic PDE Radially Symmetric Singular Solution [cleared] A()_J—

construct the solution to the PDE with a more general 7

Given G(x) = Clog(|x|) as the free-space Green's function, can we A E

w(x- (ca«g)k) g _Glx) Jig)otg

)Awp )
%

What can we Iearn from this? —

/\52 Qo[\,\\m s 3|0[00&A0 (D'\@M

S JX__QW> Olwr A )

[



Elliptic PDEs: Justifying the Singular Solution

ux) = (65700 = [ Glx= ey

Why? /‘\G(x«jl =J(\<-\3J
Buld= ) 6 tep)) o) Ay
= SAC’C“'UU“’) Ay

o ( dlxey A(g)o’\ysxu)

(9} v

(o
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Parabolic PDE: Heat Equation - Separation of Variables

Ca(. Nyt V\.ﬂrO L—a Ur = Uxx (x,t) €[0,1] x [0, T])
Wose Wy = Axx u(x,0) = g(x) € [0,1])
u(0,t) =u(1,t) =0 (te[0 7]

W Hov () - w(y)
Plhy wo Q06 V- w (g - Vu) 'k (X)

vi(k) o
g .
VLY v (x]

W(X]: x- c:'«(wvr&)

V(d)-exp(-n2 Y

vi(4) ~C ) )VWUccwR)

28



Parabolic PDE: Solution Behavior

Demo: Parabolic PDE [cleared] What can we learn from analytic and
numerical solution?

— “(,\Mkzs ouVA J—1,\e, Ge(u\hn\
Go

...4[,,\,\;}\ g.[,,\l\a.\_\ | /\A_‘A,\_’*),_/-\/-EK
‘_/(}lq,(m LQCAMS 5""\00”/\(/
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Hyperbolic PDE: Wave Equation

Ut = CPliy ((x,t) e Rx[0,T])
ux,0) =g(x)  (xeR)
with g(x) = sin(7x).

Is this problem well-posed?

Can be rewritten in conservation law form:

~

30



