Studying Solutions of the PDE

Saw numerically: interesting dispersion/dissipation behavior.
Want: theoretical understanding.

Consider linear, continuous (not yet discrete) differential operators

Liu = u:+ auy,
Lsu = up+ auy — plssx-

What could we use as a prototype solution?
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A Prototype Solution of the PDE
U!(k “ P(x LJ\‘)

Observation: all these operators are diagonalized by complex exponentials.
Come up with a ‘prototype complex exponential solution’.
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What type of function is this?
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Wave-like Solutions of the PDE
LZV" ‘Jp@«u $euy

(=272 (—iu £DIe* - al'b.)

z(x, t) = ze'—wt) —_—

Observations in connection with L7?

e L= Muh)a

¢ =0 ® Aw k] -0
What is the dispersion relation?

AMal=0 15 W dv. fo He PIE L. ]
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Picking Apart the Dispersion Relation  oce ) bell
Con5|der w( S—[i-e/-,ﬁ\fjewrlte the wave solut|on with this.
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How can we recognize dissipation? I

DU <o, we call the WE disspdive

What is the phase speed? How can we recognize dispersion?
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Dispersion Relation: Examples

In each case, find the dispersion relation and identify properties.

Liu = us + auy

)\(u,h]s '|(ak~u) 0 @) w:odc

ha d‘ssi(mh'on\, no o(ispm;a;\

Lou = uy — Duny + auy (D > 0) e"dh “L)
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L3u = up 4 auy — phlsxx
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Numerical Dissipation/Dispersion Analysis

Goal: Want discrete finite difference scheme to match
dissipation/dispersion behavior of continuous PDE.

Define a discrete wave-like function:

|{|( I)L\)( N [Ll(,)
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We want z to solve Ppzy 1 = Qpzy. How can we connect the operators to
the wave solution?
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Toeplitz and Waves

Zjy = zge!(Kihx—wthe), @
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Waves and Two-Level Schemes
Since Py, and @y, are Toeplitz, we must have

Phzey1 = Ap(k)zer1,  Qnze = Aq(k)zy.

b =1
What does that mean? u'" e

Seen before?

:\ N SYQLIllW
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Discrete Dispersion Relation (1/2)

So zy is a solution of the finite difference scheme if w = w(khy) satisfies
e—lw K)ht :.S(KJ), WFU :E’
= e

where we let k = khy. Interpret k.

fhe wahw of UuUL‘Qh’”ﬂS per /la/bl“

Let s(k) = |s(k)| e™) = elogls(r)l+iv(x) ~()(k)?
= \ )

h«j- ) fl*avl woc S ) "UA\_‘, ; 90 \5((4

s l/\t

99



Discrete Dispersion Relation (2/2)

—p(r) + i'log |s(x)|
w(k) = h .

Plug that into the wave-like solution:

zwzoe(mkruwn«) N
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Criterion for stability? | 5(\(
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Numerical Dispersion/Dissipation
Finite difference scheme Pruyi1 = Qpu, with symbol s(k).

ik ((ip. — =(x)
Zje =zoe|°g‘s(“)|£e'k(1hx khy zht>

When is the scheme dissipative?
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What is the phase speed?

vy ~Mkhy

L Kh

Dispersion?
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Dispersion/Dissipation Analysis of ETBS
Let A = ahy/hx. Shown earlier: s(khy) =1 — A(1

— e ikhe),
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