
Studying Solutions of the PDE

Saw numerically: interesting dispersion/dissipation behavior.
Want: theoretical understanding.

Consider linear, continuous (not yet discrete) differential operators

L1u = ut + aux ,

L2u = ut − Duxx + aux (D > 0)
L3u = ut + aux − µuxxx .

What could we use as a prototype solution?
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A Prototype Solution of the PDE

Observation: all these operators are diagonalized by complex exponentials.
Come up with a ‘prototype complex exponential solution’.

What type of function is this?
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Wave-like Solutions of the PDE

z(x , t) = z0e
i(kx−ωt)

Observations in connection with L?

What is the dispersion relation?
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Picking Apart the Dispersion Relation
Consider ω(k) = α(k) + iβ(k). Rewrite the wave solution with this.

How can we recognize dissipation?

What is the phase speed? How can we recognize dispersion?
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Dispersion Relation: Examples
In each case, find the dispersion relation and identify properties.
L1u = ut + aux

L2u = ut − Duxx + aux (D > 0)

L3u = ut + aux − µuxxx
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Numerical Dissipation/Dispersion Analysis

Goal: Want discrete finite difference scheme to match
dissipation/dispersion behavior of continuous PDE.

Define a discrete wave-like function:

We want z to solve Phzℓ+1 = Qhzℓ. How can we connect the operators to
the wave solution?
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Toeplitz and Waves

zj ,ℓ = z0e
i(kjhx−ωℓht).

Theorem (Waves Diagonalize Toeplitz Operators)

Let T be a Toeplitz operator. Then Tz ℓ = λ(k)zℓ = t̂(khx)zℓ.
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Waves and Two-Level Schemes
Since Ph and Qh are Toeplitz, we must have

Phzℓ+1 = λP(k)zℓ+1, Qhzℓ = λQ(k)zℓ.

What does that mean?

Seen before?
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Discrete Dispersion Relation (1/2)

So zℓ is a solution of the finite difference scheme if ω = ω(khx) satisfies

e−iω(κ)ht = s(κ),

where we let κ = khx . Interpret κ.

Let s(κ) = |s(κ)| e iφ(κ) = e log|s(κ)|+iφ(κ). ω(κ)?
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Discrete Dispersion Relation (2/2)

ω(κ) =
−φ(κ) + i log |s(κ)|

ht
.

Plug that into the wave-like solution:

Criterion for stability?
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Numerical Dispersion/Dissipation
Finite difference scheme Phuℓ+1 = Qhuℓ with symbol s(k).

zj ,ℓ = z0e
log|s(κ)|ℓe

ik
�
jhx−−φ(κ)

kht
ℓht

�

When is the scheme dissipative?

What is the phase speed?

Dispersion?
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Dispersion/Dissipation Analysis of ETBS
Let λ = aht/hx . Shown earlier: s(khx) = 1 − λ(1 − e−ikhx ).
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