Heat Equation ~HWT
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Heat equation (D > 0): - p’”:j“H
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u(x,0) = g(x) x € R.

Fundamental solution (g(x) = d(x)):
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Why is this a weird model?
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Schemes for the Heat Equation
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Cook up some schemes for the heat equation. le_

Explicit Euler:
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Implicit Euler:
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Von Neumann Analysis of Explicit Euler for Heat (1/2)

Let A = Dh;/h2. bath, g ot
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Von Neumann Analysis of Explicit Euler for Heat (2/2)

—2 < 2)\(cos(p) — 1) < 0.
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Comment on the stability region found regarding speeds of propagaticin.
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Von Neumann Analysis of Implicit Euler for Heat

Let A = Dh,/h2. ud

Uk 41 — M Uk1,041 — 2Uk p41 + Uk—1,041) = Ukg
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Does the type of system we need to solve for implicit+parabolic correspond
to another PDE?
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Outline

Finite Volume Methods for Hyperbolic Conservation Laws
Theory of 1D Scalar Conservation Laws
Numerical Methods for Conservation Laws
Higher-Order Finite Volume
Outlook: Systems and Multiple Dimensions
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Outline

Finite Volume Methods for Hyperbolic Conservation Laws
Theory of 1D Scalar Conservation Laws
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Conservation Laws: Recap

us + f(u)x =0,
where u is a function of x and t € R{.

Rewrite in integral form:

D) g" W U -1 -0

Recall: Characteristic Curve: a function x(t) so that u(x(t), t) = u(xo, 0).

{ dz(tt) = f'(u(x(t), f))]
x(0) = xo.

What assumption underlies all this?
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Burger's Equation
Consider Burgers' Equation:

(1e(2) 0
u(x,0) = g(x) = sin(x).

Interpret Burger's equation.
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Consider the characteristics at 7/2 and 37/2. “ \/{
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Weak Solutions 5 o'y :D. d] - _gw'
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%/abu(x, t)dx = f(u(a, t)) — f(u(b,t)) ©
Define a weak solution:
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Rankine-Hugoniot Condition (1/2)

Consider: Two C! segments separated by a curve x(t) with no regularity.
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Rankine-Hugoniot Condition (2/2)

(d/dt)Ga(x(t), t) = u(x(t), t)x'(t) — (F(u(x(t), 1)) — f(u(a, 1))).




