
Conservation of Entropy?
What can you say about conservation of entropy in time?
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Total Variation

TV(u) = lim sup
ε→0

1
ε

Z
|u(x + ε)− u(x)| dx .

Simpler form if u is differentiable?

Hiking analog?
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Total Variation and Conservation Laws
Theorem (Total Variation is Bounded [Dafermos 2016, Thm. 6.2.6])

Let u be a solution to a conservation law with f ′′(u) ≥ 0. Then:

TV(u(t +∆t, ·)) ≤ TV(u(t, ·)) for ∆t ≥ 0.

Theorem (L1 contraction [Dafermos 2016, Thm. 6.3.2])

Let u, v be viscosity solutions of the conservation law. Then

∥u(t +∆, ·)− v(t +∆t, ·)∥L1(R) ≤ ∥u(t, ·)− v(t, ·)∥L1(R) for ∆t ≥ 0. 134



Outline
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Finite Difference Methods for Time-Dependent Problems

Finite Volume Methods for Hyperbolic Conservation Laws
Theory of 1D Scalar Conservation Laws
Numerical Methods for Conservation Laws
Higher-Order Finite Volume
Outlook: Systems and Multiple Dimensions

Finite Element Methods for Elliptic Problems

Discontinuous Galerkin Methods for Hyperbolic Problems
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Finite Difference for Conservation Laws? (1/2)




ut +
�
u
2

�2
x
= 0

u(x , 0) =

(
1 x < 0,
0 x ≥ 0.

Entropy Solution?

Rewrite the PDE to ‘match’ the form of advection ut + aux = 0:

Equivalent?
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Finite Difference for Conservation Laws? (2/2)
Recall the upwind scheme for ut + aux = 0:

Write the upwind FD scheme for ut + uux = 0:
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Schemes in Conservation Form
Definition (Conservative Scheme)

A conservation law scheme is called conservative iff it can be written as

where f ∗. . .

Theorem (Lax-Wendroff)

If the solution {uj ,ℓ} to a conservative scheme converges (as ∆t,∆x → 0)
boundedly almost everywhere to a function u(x , t), then u is a weak
solution of the conservation law.
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Lax-Wendroff Theorem: Proof
Summation by parts: With ∆+ak = ak+1 − ak and ∆−ak = ak − ak−1:

NX

k=1

ak(∆
−φk) +

NX

k=1

φk(∆
+ak) = −a1φ0 + φNaN+1.
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Finite Volume Schemes

Finite volume: Idea?
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