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Function Spaces

J(/o

d :
Consider D e _17 “ F.,‘ F/’,v -;'7 ’
fo(x) = %x—”;x3 —Lox< i =
- 1 x>1/n. L Lt

Converges to the step function. Problem?

Losa, c\ﬂQ Qv spoﬁJ’L\N‘s
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Norms

Definition (Norm)

A norm || - || maps an element of a vector space into [0, 00). It satisfies:
> x|=0&x=0
>[I = ALl
> Jx+ vl < lIx]| + Iyl (triangle inequality)
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Convergence

Definition (Convergent Sequence)

Xp — X 1< ||xn — x|| = 0 (convergence in norm)

Definition (Cauchy Sequence)

?b/ Gﬂ o0 | Vl/b\lﬂ, QXZS,]} Un ov \A(\‘ML ]

ny‘ /*” <€ fopmps
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Banach Spaces

Definition (Complete/“Banach” space)

C,th(\\] Q CQMVUS%,"

What's special about Cauchy sequences?

Lllu\. l“s FO'I/ ‘[TU.‘
Counterexamples?

- C (. \,J.M«- “”' / ﬁ'}/;

Qe [
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More on C°
Let Q C R” be open. Is C°(Q2) with ||f]|, := supycq |f(x)| Banach?

Re)=L  as(a) Ll({llm" wol oo wed,

Is C°(Q) with ||f||, := supycq |f(x)| Banach?
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C™ Spaces
Y
Let Q C R". c INU"
Consider a multi-index k = (ki,. .., kn) and define the symbols

Definition (C™ Spaces)

Co- [ §eC(): Py eC o AR of [Hen)

e’y BpeC i)
C:(IL\«‘WQU(JD. 9 hag umpaA swgparh:
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LP Spaces f' T -
Let 1 < p < .
Definition (LP Spaces)

1P(Q) = {u . (u: R = R) measurable, /Q |ulP dx < oo} ,
Jull, = (/Q \U\pdx>1/p. @

Definition (L> Space)
L>®(Q) :={u: (u:R— R),|u(x)| < oo almost everywhere} ,

llull o, = inf {C : |u(x)| < C almost everywhere} .
L»Lue,n]ULM b asel ar'zeni
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LP Spaces: Properties ffsdf/t,(_w/s I,WL WN,

Theorem (Holder's Inequality)

For1<p,q<oowithl/p+1/q=1 and measurable u and v,

hag[, € [0l ff “(7

Theorem (Minkowski's Inequality (Triangle inequality in LP))

For1 < p <ooandu,v e LP(Q),

Lol < Hallylall
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Inner Product Spaces
Let V be a vector space.

Definition (Inner Product)

An inner product is a function (-,-) : V x V — R such that for any
f,g,heVandaeR
0,
= 0 f=0, ]

)
)

(f.g) = (f,g),
) = alf,h)+ (g, h).

Definition (Induced Norm)
-

Il = V{F, ).

190



Hilbert Spaces
Definition (Hilbert Space)

An inner product space that is complete under the induced norm.

Let Q be open.

L?(Q) equals the closure of (set of alkimits of Cauchy sequences in)
C5°(Q2) under the induced norm ||-||,.

Theorem (Hilbert Projection (e.g. Yosida ‘95, Thm. 111.1))

MecV <lowd su\ﬁfme ol e Hillwd space V. lebue V/
Thert axdh « Wngque ve N usde W we M

~

/]/lL-(w&\/-- (W) .0 fo A rem)
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Weak Derivatives

Define the space L}

ioc Of locally integrable functions.

Definition (Weak Derivative)

v € LL _(Q) is the weak partial derivative of u € LL () of multi-index

loc loc

order k if

In +hic race Dk, — |, 192



