




Function Spaces

Consider

fn(x) =





−1 x ≤ − 1
n ,

3n
2 x − n3

2 x3 − 1
n < x < 1

n ,

1 x ≥ 1/n.

Converges to the step function. Problem?
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Norms

Definition (Norm)

A norm ∥ · ∥ maps an element of a vector space into [0,∞). It satisfies:
▶ ∥x∥ = 0 ⇔ x = 0
▶ ∥λx∥ = |λ|∥x∥
▶ ∥x + y∥ ≤ ∥x∥+ ∥y∥ (triangle inequality)
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Convergence

Definition (Convergent Sequence)

xn → x :⇔ ∥xn − x∥ → 0 (convergence in norm)

Definition (Cauchy Sequence)
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Banach Spaces

Definition (Complete/“Banach” space)

What’s special about Cauchy sequences?

Counterexamples?
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More on C 0

Let Ω ⊆ Rn be open. Is C 0(Ω) with ∥f ∥∞ := supx∈Ω |f (x)| Banach?

Is C 0(Ω̄) with ∥f ∥∞ := supx∈Ω |f (x)| Banach?
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Cm Spaces
Let Ω ⊆ Rn.

Consider a multi-index k = (k1, . . . , kn) and define the symbols

Definition (Cm Spaces)
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Lp Spaces
Let 1 ≤ p < ∞.

Definition (Lp Spaces)

Lp(Ω) :=

�
u : (u : R → R) measurable,

Z

Ω
|u|p dx < ∞

�
,

∥u∥p :=

�Z

Ω
|u|p dx

�1/p

.

Definition (L∞ Space)

L∞(Ω) := {u : (u : R → R), |u(x)| < ∞ almost everywhere} ,
∥u∥∞ = inf {C : |u(x)| ≤ C almost everywhere} .
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Lp Spaces: Properties

Theorem (Hölder’s Inequality)

For 1 ≤ p, q ≤ ∞ with 1/p + 1/q = 1 and measurable u and v ,

Theorem (Minkowski’s Inequality (Triangle inequality in Lp))

For 1 ≤ p ≤ ∞ and u, v ∈ Lp(Ω),
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Inner Product Spaces
Let V be a vector space.

Definition (Inner Product)

An inner product is a function ⟨·, ·⟩ : V × V → R such that for any
f , g , h ∈ V and α ∈ R

⟨f , f ⟩ ≥ 0,
⟨f , f ⟩ = 0 ⇔ f = 0,
⟨f , g⟩ = ⟨f , g⟩ ,

⟨αf + g , h⟩ = α ⟨f , h⟩+ ⟨g , h⟩ .

Definition (Induced Norm)

∥f ∥ =
p

⟨f , f ⟩.
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Hilbert Spaces
Definition (Hilbert Space)

An inner product space that is complete under the induced norm.

Let Ω be open.

Theorem (L2)

L2(Ω) equals the closure of (set of all imits of Cauchy sequences in)
C∞

0 (Ω) under the induced norm ∥·∥2.

Theorem (Hilbert Projection (e.g. Yosida ‘95, Thm. III.1))
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Weak Derivatives
Define the space L1

loc of locally integrable functions.

Definition (Weak Derivative)

v ∈ L1
loc(Ω) is the weak partial derivative of u ∈ L1

loc(Ω) of multi-index
order k if

In this case, Dk u := v
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