Weak Derivatives

Define the space L}
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of locally integrable functions.

Definition (Weak Derivative)

v € LL _(Q) is the weak partial derivative of u € LL () of multi-index
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Weak Derivatives: Examples (1/2)

Consider all these on the interval [—1,1].
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Weak Derivatives: Examples (2/2)
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Sobolev Spaces

Let QCR™", keNpand 1< p < 0.
Definition ((k, p)-Sobolev Norm/Space)
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More Sobolev Spaces
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Finite Element Methods for Elliptic Problems = Ml WH,JC

Back to Elliptic PDEs -_—
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An Elliptic Model Problem A /A = dv S'M( "

Let Q2 C R" open, bounded,%Hl(Q). .
PU()s;L, @70\
-V -Vu+u = f(x) (xe€Q),

u(x) = 0 (x€09). 09 usf
Let V := H}(Q). Integration by parts? (Gauss's theorem applied to ab):
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Motivation: Bilinear Forms and Functionals
(u\ v

)
(/Vu Vv—i—/uv—/fv Uz'L/o
This is the weak form of the strong-form problem. The task is to find a
u € V that satisfies this for all test functions v € V.

Recast this in terms of bilinear forms and functionals:

o.{ulu) = (D, Ov) .+ (U'IV)G
q (v = ()
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Dual Spaces and Functionals 7 dV*'(’\,J) -d (U} + /Lj(d}

Bounded Linear Functional

Let (V,||-||) be a Banach space. A linear functional is a linear function
g: V=R It nded (< continuous) if there exists a constant C so
that |g(v)| {C|v| forall v e V.

Dual Space

Let (V, ||||) be a Banach space. Then the dual space V' is the space of
bounded linear functionals on V.

Dual Space is Banach (cf. e.g. Tréves 1967)
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V' is a Banach space with the dual norm
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Functionals in the Model Problem
Is g from the model problem a bounded functional? (In what space?)
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That bound felt loose and wasteful. Can we do better?

I,

47 Su ( JV)L’L
, Vs&ﬁ,\w L/N”y' gl < PN ol

-~

201



Riesz Representation Theorem (1/3)
Let V be a Hilbert space with inner product (-, -).

Theorem (Riesz)

Let g be a bounded linear functional on V, i.e. g € V'. Then there exists
a unique u € V so that g(v) = (u,v) forallv € V.
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Riesz Representation Theorem: Proof (2/3)

Have w € N(g)* \ {0}, a =g

(W) £0, a@ v — (g(v)/a)w L w.

0=

v)

My

€)

(i‘i’ww)-—(vlu) Cor
(Mdkm L”ﬁ%ﬁ

9(")“ \T(ﬂu w) =

( i “) (%,w)

:(V;E,:),\'_V)

(Ve

203



Riesz Representation Theorem: Proof (3/3)

Uniqueness of u?
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Back to the Model Problem

a(u,v) = (Vu,Vv) 2+ (u,v)2
g(V) = <f7 V>L2
a(u,v) = g(v)

Have we learned anything about the solvability of this problem?
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