Back to the Model Problem

Dur w-0
Auv) = VeVt e Sy
\d g(V) _ <f7 V>L2ﬁ | o/ j(ﬂfv)‘d]w
(0ly-alov) = 8y ) edloeh (94 <l
Have we learned anything about the solvability of this problem? J‘
SAaw‘. j i§ Lvmmlcl\ O l\LM‘ J{tnm&_ on H'

nar ) i
5 Thae exidde  a« w ell, <h )(V‘:(“I")H,’:q wi)

=) Cyivbee ond V\hiql’\t'\lﬁ of W.
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Poisson
Let Q C R” open, bounded, f € H71(Q).

R AV Z?(\)
w(x) = 0 (xeaﬂ)

This is called the Poisson problem (with Dirichlet BCs).
Weak form?

—_—

Ou Vv A = v Ay Vv “I
0w h = G ) ol




Ellipticity
Let V be Hilbert space.

V-Ellipticity

A bilinear form a(-,-) : V x V — R is called coercive if there exists a
constant ¢g > 0 so that

Co“m“;l < a\(M,m} Cov ol WV

and a is called continuous if there exists a constant ¢; > 0 so that

m(\r\\v) <y V\A"v “V”v

If a is both coercive and continuous on V/, then a is said to be V-elliptic.
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Lax-Milgram Theorem
Let V be Hilbert space with inner product (-, ).

Lax-Milgram, Symmetric Case

Let a be a V-elliptic bilinear form that is also symmetric, and let g be a
bounded linear functional on V.
Then there exists a unique u € V so that a(u,v) = g(v) forall v € V.

(‘A'V)c\ =a (‘".V). sYm. /o Qinew l.,b /

Neeh & [wu) 30
afaw 7 collul,>6
- Neeo\ q(u\n) <09 w0,

s 0:alnu)> ¢, "u\] 20 9 w=0,
3) e ank mu‘\awoss




Back to Poisson . - Mv + 1 Qu,,
Can we declare victory for Poisson?

shha: ISV:«'QV) < | Vel «

\

9l <clul ol

SQ\'\'VU\? C,<S Vu Vi 4,/4_%
A

L

1
' | 0(
oWt it y)

Can this inequality hold in general, without further assumptions?

cm\' “ﬂ“)‘ breal deU'VW |G'
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Poincaré-Friedrichs Inequality (1/3)

Theorem (Poincaré-Friedrichs Inequality)

Suppose Q2 C R" is bounded and u € @Q) Then there exists a constant

C > 0 such that

ullz < ClIVull2-

(7] - 3 (n) ¢ B ()
= wt+l(n D.m)x,~ oot ] (“\aw)xg

= bt + 2a(DuR)

b - v'(‘/tl?) 2 (Q‘,?)m
N ‘4 )
HEA € [[Va)]lwl]

211



Poincaré-Friedrichs Inequality (2/3)

Prove the result in Cg°().

R \"‘\ 1> o‘gk _

=0 (LI\:)
x€J),

5 lul, € C 0l

3
h

"

lwl 3 = S;fi: g\%v-(mtf) -% (O“’?)M

m-(Vu- f) Ax

< %.\ max [3) gluoulﬂy=?—;¢:ﬁ"’s” lall

HWZ
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Poincaré-Friedrichs Inequality (3/3)

Prove the result in H}(R).

lnextu«Qih) cahines hald 1w Ha Qn'm:/-

laccmgt S u I H,

170,00, 20

5 fo-ul 2 20 }“, o
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Back to Poisson, Again

Show that the Poisson bilinear form is coercive.

eF
L Um\l (MH HVuIl ) ¢ {(le/0~ afu w

ol

Draw a conclusion on Poisson:

Dors s, ( o - SVa W is comige o~k coHnim

) @_xn&mc wad_n| e ng
Loy - M\yh
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Outline

Finite Element Methods for Elliptic Problems

Galerkin Approximation
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—
itz-Galerkin (e Same pace {a W, Yy
ome key goals for this section:

» How do we use the weak form to compute an approximate solution?
> What can we know about the accuracy of the approximate solution?

Can we pick one underlying principle for the construction of the

?Pproximation? UH‘{ he Call hlllwl j,ﬂa(c U’/;o/
aluv) = gh) el Cd U cH 7
=) Gyihmq MQ vm‘l‘lhwess ‘a \/ qc(auj as |/ 1,
ihself a HI'“A»;], 360 e
Db o Elde-Ain Smbs’m(( Vi (ot ("j}
“(“»‘,Vh)‘j("u) (vhc-VL}
E'HL chll qu"\nh vJL 7;./:5 (faa Lﬂ A ray aF o

wami.

J
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Galerkin Orthogonality

Observations?

for all v e V{a(up, vn) = g(vn)

o How V)
~ oc{:(g{nv wv/

for all v, € V.

ij(u 0,) = ;“L}

- afu “u J 7‘”

uloww, v) <o
ee—
erav .




Céa's Lemma
Let V C H be a closed subspace of a Hilbert space H.

Céa's Lemma

Let a(-, ) be a coercive and continuous bilinear form on V. In addition, for
a bounded linear functional g on V, let u € V satisfy

a(u,v) = g(v) forall ve V.
Consider the finite-dimensional subspace V;, C V and uj, € V, that satisfies
a(up, vn) = g(vp) for all v, € V.

Then

”U\ “u H\/ — m\c [(M -V '\/

0 VCL

218



Céa's Lemma: Proof

Recall Galerkin orthgonality: a(up — u, vj) = 0 for all v, € V},. Show the

result.

olla-w ||

2 (€44

-

-

>

"0

q ("‘"“-.1 u-v,)

<, I \A-\Au"u “ ""Vh’(u

U\(M—(A”wv‘k) Glede

\
a ((A-m” m-vh, +a(; Vo™

i’l Oin

el

~—
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Elliptic Regularity
Definition (H® Regularity)

Let m>1, H'(2) C V C H™(Q) and a(-, -) a, V-elliptic bilinear form.
The bilinear form a(u, v) = (f, v) for all v € V is called H® regular, if for
every f € HS~2™ there exists a solution u € H5(Q2) and we have with a
constant C(Q, a, s),

Theorem (Elliptic Regularity (cf. Braess Thm. 7.2))

Let a be a H}-elliptic bilinear form with sufficiently smooth coefficient
functions.
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