
A Boundary Value Problem
Consider the following elliptic PDE

−∇ · (κ (x)∇u) = f (x) for x ∈ Ω ⊂ R2,

u (x) = 0 when x ∈ ∂Ω.

Weak form?
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Weak Form: Bilinear Form and RHS Functional
Hence the problem is to find u ∈ V , such that

a (u, v) = g (v) , for all v ∈ V = H1
0 (Ω)

where. . .

Is this symmetric, coercive, and continuous?
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Triangulation: 2D
Suppose the domain is a union of triangles Em, with vertices xi .

Ω

Em

Ω̄ =
M[

i=1

Em.
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Elements and the Bilinear Form

If the domain, Ω, can be written as a disjoint union of elements, Ek ,

Ω = ∪M
m=1Em with E ◦

i ∩ E ◦
j = ∅ for i ̸= j ,

what happens to a and g?
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Basis Functions

Expand

uN (x) =
NpX

i=1

uiφi ,

and plug into the weak form.
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Global Lagrange Basis

Approximate solution uh: Piecewise linear on Ω

Ω

uh

The Lagrange basis for Vh consists of piecewise linear φi , with. . .
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Basis Functions Features

Features of the basis?

→
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Local Basis

What basis functions exist on each triangle?
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Local Basis Expressions

Write expressions for the nodal linear basis in 2D.
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Higher-Order, Higher-Dimensional Simplex Bases
What’s an n-simplex?

Give a higher-order polynomial space on the n-simplex:

Give nodal sets (on the △) for PN and dimPN in general.
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Finding a Nodal/Lagrange Basis in General

Given a nodal set (ξi )
Np

i=1 ⊂ Ê (where Ê is the reference element) and a
basis (φj)

Np

j=1 : Ê → R, find a Lagrange basis.
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Element Mappings

Ê Em

Tm

Construct a mapping Tm : Ê → Em. Reference element Ê , global △ Em.

What is the Jacobian of Tm?
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Constructing the Global Basis
Construct a basis on the element Em from the reference basis
(φ̂j)

Np

j=1 : Em → R.

What’s the gradient of this basis?
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Assembling a Linear System

Express the matrix and vector elements in

NpX

j=1

uja(φj ,φi ) = g(φi ) for i = 1, . . . ,Np.
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Integrals on the Reference Element
Evaluate Z

E
κ(x)∇xφi (x)T∇xφj(x)dx .

And now the RHS functional.
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Inhomogeneous Dirichlet BCs
Handle an inhomogeneous boundary condition u(x) = η(x) on ∂Ω.
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Demo

▶ Demo: Developing FEM in 2D [cleared]
▶ Demo: 2D FEM Using Firedrake [cleared]
▶ Demo: Rates of Convergence [cleared]
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Outline

Introduction

Finite Difference Methods for Time-Dependent Problems

Finite Volume Methods for Hyperbolic Conservation Laws

Finite Element Methods for Elliptic Problems
tl;dr: Functional Analysis
Back to Elliptic PDEs
Galerkin Approximation
Finite Elements: A 1D Cartoon
Finite Elements in 2D
Approximation Theory in Sobolev Spaces
Saddle Point Problems, Stokes, and Mixed FEM
Non-symmetric Bilinear Forms

Discontinuous Galerkin Methods for Hyperbolic Problems
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