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Iterative and Multigrid Methods
CS555 :: Spring 2023

« Class Time: Monday/Wednesday 11:00am-12:15pm Catalog
» Class Location: 1035 Campus Instructional Facility (CIF)

¢ Class URL: go.illinois.edu/cs555
» Slack: cs555-s23

¢ Instructor: Luke Olson
« Office Hours: TBD

About the Course

Are you interested in the numerical approximation of solutions to partial differential equations? Then this course is for you!
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Numerical Partial Differential Equations
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‘Definition 1.2: Order of a PDE
The order of a PDE is the order of the highest-order partial derivative present in the PDE.

For example, PDE
Ugy + Ulyy + Uy = f(z,y), (1.6)

1s second-order, while
us + ug, = f(z,t), (1.7)

1s first-order.
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‘Definition 1.3: Quasi-Linear PDE

A nonlinear PDE in u in which the highest order partial derivatives appear linearly with coef-
ficients only depending on the lower-order derivatives of u and the independent variables x, is
kcalled a quasi-linear PDE.

For example, the PDE

U Ugz + (Uz + Y) Uyy + yuz = f(z,y), (1.8)

is quasi-linear since u,, and u,, both appear linearly. Clearly, the PDE is nonlinear because of
the u* factor and the u, and u; terms.
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Definition 1.4: Semi-Linear PDE
A nonlinear PDE is called semi-linear if it is quasi-linear and if the highest-order terms have
coefficients that depend only on the independent variables x.

N J

For example, the following PDE is semi-linear:

(:z:—}—y+z)1,Lm-|-z2mJ+sin(:t:)uz-}-u2 = 2. ¥, 2): (1.9)
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u(z,0) = g(x)

u(z,t) = g(xr — at)
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(1,(.’1,‘, y)uxm + 2b(.’17, y)u:vy + C(iII, y)uyy + d(.’E, y)ufﬂ + 6(.’13, y)uy + f(xa y)u a g(.’l?, y)? (119)

Criteria Classification
i b —ac<0 elliptic
i) b —ac=0 parabolic

(iii) b%>—ac>0  hyperbolic

Operator Common name Classification
Ugy + Uyy 2D Laplace operator elliptic
u; — Uz, 1D heat (or diffusion) operator parabolic

Ut — Uy 1D wave operator hyperbolic




El\tpﬂ}.

L e

c.\/\.a.f\ra-c:l‘exl'"lb\)\n A»\\fec.'\‘N\/\ l j)o\,a.K

—no

(BVP) { vz

-‘f—:o ) OA: Cbi(f)—-e\

u(z, y)
D
u(z, y)




ou O%u ,

5% a2 0 in [0,1] x [0, T]
u(x,0) = sin(wrz) in[0,1],
u(z,t) = 0 atx =0,1.

u(z,y)
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Uttt = C Ugy

W%, o) = jzx)-; S Cx)




1752
1755

1759
1762

1775
1780

1845

1860
1865

1896

wave equation, d’ Alembert )
incompressible flow and Euler equation, Euler

wave equation, Euler
wave equation, Bernoulli

differential geometry and the Monge-Ampére equation, Monge
Laplace equation, Laplace

heat equation, Fourier . . .
electromagnetics and the Poisson equation, Poisson

elasticity, Navier, Cauchy

fluid flow and the Navier-Stokes equation, Navier
fluid flow and the Navier-Stokes equation, Poisson

fluid flow and the Navier-Stokes equation, Stokes

acoustics and the Helmholz equation
electromagnetics and Maxwell’s equation, Maxwell

water waves and the Korteweg-De Vries equation



