‘Definition 5.7: Two-Level Linear Finite-Difference Scheme
A finite-difference scheme that can be written as,

Prugi1 = Qprug + hiby, (3.5)

is called a two-level linear finite-difference scheme. Each iteration depends only on two in-
stances of time. Examples are given in Example 5.8.
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‘Definition 5.10: Truncation Error
The local truncation error, Ty g, is the error that remains when a finite-difference method is
applied to the exact solution, u(zy,ty).
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rExampIe 5.12: ETFS Truncation Error
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rExampIe 5.14: ETCS Truncation Error (Matrix Form)
For ETCS, P, = I and

(PhUp41);, = u(k, tes1) = u(khg, (£ + 1)hy),

(@uU)y = ulha Che) — S (w((k -+ Ve, Che) — u((k — D, ) ).
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e the max-norm ({): ||€|lcc = max ek e|; or
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Definition 5.15: Consistency, Stability, and Convergence

0°u denote the v-th partial derivative in t.

Let 2% denote the u-th partial derivative in x, and ST

oxk ! 3
Assume that aﬂgg,t), 2 ggf’t) € L?(R), forall t < t*.

A two-level linear finite-difference scheme, Pobugi1 = Qpug + bghy, is

e consistent in the L?-norm with order v in time and p in space if

7|l = O(h%z, h);

max
0,0h <t*

e convergent in the L?-norm with order v in time and 1 in space if

ee| = O(hz, hy);

max
0,th, <t*

* stable in the L*-normif 3c > 0, independent of h; and h, such that ||(P,” 1Qh)£Ph_ <

c for all ¢ and h; such that £h; < t*.
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‘Theorem 5.19: Lax Convergence Theorem

If a two-level linear finite-difference scheme, Pyuy1 = Qpuy + bohy, is consistent in the L?-
norm with order v in time and 1 in space and stable in the L?-norm, then it is convergent in
the L?-norm with order v in time and 1 in space.

7




St A il

“Theorem 5.20: Lax Equivalence Theorem

Let the two-level linear finite-difference scheme, Pybuyi1 = Qnue + hiby, be consistent in the
L?-norm with order v in time and 1 in space, then it is stable in the L*-norm if and only if it is
convergent in the L?-norm with order v in time and 1 in space.
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‘Definition 5.28: Symbol of a Two-Level Finite-Difference Scheme

Given a two-level linear finite-difference scheme, Pyuy, 1 = Qnug + bohy, such that py, and gy,
are the coefficients of the scheme corresponding to Py, and Q)y, respectively, then,

Zpke "k and () = qu o

The symbol of the two-level finite-difference method is s(p) =

‘Definition 5.29: von Neumann Stability
Consider a two-level linear finite-difference scheme, Pybuyi 1 = Qpuy + bohy, with symbol,

s(p). If

1
max |s(p)| <1 and max | —
v o |P(p)

for some constant ¢ > 0, then we say the scheme is von Neumann stable.
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