
Today-
- Existence/uniqueness
- W: approximations



Reall
hat Ibe a

Hilbertspace,,

Letg(.) be a bil.f.
Igcril =c. 11 vir.

Then there exist aunique u
-

s.t. g(v)
=(n,v) FreV.



Proving existence +

uniqueness:

Three case

⑳ weak form1. if -D.Dr +-

1
a(n,v) =< 4,v)

-> RRT

2. If a (u,v) is coercive
Iafticity- continuous

I

Symmetric
-> a is an inner prod. +RRT

3. If aln,w) is coercive

continuous
-> Lax-Milgram.



coercive:Icolo
set.

collullY?aCu, u) kueW.

continuity:Ic,30 St. (a(m,wil = c, dull,bull
Xa,



Theorem Lax-Milgram symmetric version
--

Assume a() iscoercive and contin

and symmetric.
Assume g(.) is a bl.f.
The J! ueYst.

a(n,v) =(r)
↓veX.

I
-

I
If(x) v dx



Roof
as, 0) =acvulM

2. a(cu + V,w)
=ca(c,w) +a(r,w) bilinearity

3. a(n,u)?c. lull ?0 coercivity

4, if u =0 a.e.

them aln,n)?c, lull*
=0 continuity

S. if a ln,u)
=0

the 0: IU12
=a(n,n) =0 so n=0a

coercivity

-> ac.,) isan inner prod.
-> RRT.



Model problem-
-D.Du

=f

c
=

0
and

- Find

meg
st

E fu
S Jn. DU dx = Ifudxj-a(u,v) gui

pich this somehow
4 pick
-> show coercivity +continuity



-8.Yu =f

n.Du =0

#Du=f
k(x) > 0

-

tp =f

Do u
=0



-D. Xu
=f

↓

letq
=Du

- -D.I
=f

-E 9 - Du
=

0

-

Introduce N, w

- I-D.qw -Sefw

SqX-8u.X = O/↓ W,X
e

=WxV



-D.Du =f

- 8.K(x) Du
=f

d
Find a St.

SRIXDuoDr =J fr ax

a(u,v)



Theorem Lax-Milgram
->

Suppose a (...) isa coercive + continues

bilinear firm on
V. Suppose g2.(

isab.lf. out.

Then I! neWst.

al,r) =g(r)
FvfE.



#o
-ish

Take any
V.

letan(U) =
=a (u,v)

then an is b. l.f: continuity

lancri)= lelully
C

-by RRT I!
such that

an(r) =<V, tuDr trek.
We have a map

!

T:v-V
U tu



Suppose Tis"outo".
V.

Let to be such that RRT

A ve6 g(v)=<r,tg
V

Then there isa new. St.

ty
=Tu

So gCrI=Critybr
=Cr, TuY,

~=aCu,r)
Fret



Suppose to:a for another.

Then a(n,v) =a(, v)

-> aln-, r) =

0 FV.
i

-> a(n - ,n -)
=0

d

-> u = U



I out o

⑪
+yzx=
St. Tx =

y



letal,r)=J Pu.or
g(v)

=

f f v
↳

Milgram,is coerce

continuous on V.

and
if gc.

is a bl.f.on.

Ther 7! a s.t.

alurb =g() Sonor:ffr
↓V.



Steps: O
hard?

1) Pick F.

2) Show a(j.) continuous on V. Eeasy
hard

3) show aC.) is coercive on V.5-

4) show yc.) is a b.l.f. =easy



4) Le+V
=H!(r)

2) Lacu, vil want? C. Bully: IlvI
* M,V,

=IfDrDrax/ Holder ineg.

=(S18ux)" (Slovlax)"
>O

=()+ coniox)"(SMITouial"
= ne

E 11 allbull



3) Tool: let be bounded

let u =Hb

Then there isa 30 such that[ 11 all
=c. 118Ull2

Poincare-Friedrichs ineq
al,n) =15a. 8udx!=llXul

2
t(rule+oull)
2+1

e)for some f(x) show g(.) is bounded.



g(r
=I fal v dx

Igcil= 11f1z/lvIz


