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Motivation
Solve PDEs numerically

Strong form requiring a twice 
differentiable solution

<latexit sha1_base64="gWTbvpniAJclngxiV1vJUoYv0rg="></latexit>

r ·ru+ u = f(x) for x 2 ⌦

with u = 0 on @⌦

f 2 L2(⌦)
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Motivation
Solve PDEs numerically

Strong form requiring a twice 
differentiable solution

Weak form requiring a once 
differentiable solution

<latexit sha1_base64="gWTbvpniAJclngxiV1vJUoYv0rg="></latexit>

r ·ru+ u = f(x) for x 2 ⌦

with u = 0 on @⌦

f 2 L2(⌦)

<latexit sha1_base64="WMSrn2WkrtqCTIAU/vfREMtTjnY="></latexit>Z

⌦
ru ·rv dx+

Z

⌦
uv dx =

Z

⌦
fv dx

for all v 2 V = H
1
0 (⌦)
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Motivation
Solve PDEs numerically

Weak form requiring a once 
differentiable solution

Existence and uniqueness of a weak solution 


• Riesz Representation Theorem


• Lax-Milgram Theorem 

4

<latexit sha1_base64="WMSrn2WkrtqCTIAU/vfREMtTjnY="></latexit>Z

⌦
ru ·rv dx+

Z

⌦
uv dx =

Z

⌦
fv dx

for all v 2 V = H
1
0 (⌦)



Motivation
Solve PDEs numerically

Infinite dimensional subspace 
consisting of functions with continuous 
first derivative and zero on the boundary

<latexit sha1_base64="3awgHM9E5XVjfV38fVf3HTiVkHA=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARdFMSKeqy4KbLCvYCTQyT6aQdOpmEuQgl9Bnc+CpuXCji1pU738ZJm0Vt/WHg5zvnMOf8YcqoVI7zY5XW1jc2t8rblZ3dvf0D+/CoIxMtMGnjhCWiFyJJGOWkrahipJcKguKQkW44vs3r3UciJE34vZqkxI/RkNOIYqQMCuwLHYygRzn0YqRGGLGsM30wROpQErVIA7vq1JyZ4KpxC1MFhVqB/e0NEqxjwhVmSMq+66TKz5BQFDMyrXhakhThMRqSvrEcxUT62eykKTwzZACjRJjHFZzRxYkMxVJO4tB05ivK5VoO/6v1tYpu/IzyVCvC8fyjSDOoEpjnAwdUEKzYxBiEBTW7QjxCAmFlUqyYENzlk1dN57LmXtXqd/Vqo1nEUQYn4BScAxdcgwZoghZoAwyewAt4A+/Ws/VqfVif89aSVcwcgz+yvn4BcqeeAw==</latexit>

uh 2 Vh ⇢ V The goal of this lecture is to construct                
such that it accurately represents 

<latexit sha1_base64="pDGWK63cCy373+ktisrMbkb4LQU=">AAAB9XicbVDLSgMxFL2pr1pfVZdugkVwVWakqMuCmy4r2Ae005JJM21oJjMkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck+OHwuujeN8o8LG5tb2TnG3tLd/cHhUPj5p6yhRlLVoJCLV9YlmgkvWMtwI1o0VI6EvWMef3mV+55EpzSP5YGYx80IyljzglBgrDfohMRNKRNqeDyZ4WK44VWcBvE7cnFQgR3NY/uqPIpqETBoqiNY914mNlxJlOBVsXuonmsWETsmY9SyVJGTaSxep5/jCKiMcRMo+afBC/b2RklDrWejbySylXvUy8T+vl5jg1ku5jBPDJF0eChKBTYSzCvCIK0aNmFlCqOI2K6YTogg1tqiSLcFd/fI6aV9V3etq7b5WqTfyOopwBudwCS7cQB0a0IQWUFDwDK/whp7QC3pHH8vRAsp3TuEP0OcPb0eSfw==</latexit>

Vh
<latexit sha1_base64="JhEVZwy8GiL193k/si0BoH+kwws=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLgpssK9gFtKJPppB06yYSZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pGJVqxttMSaV7ATVcipi3UaDkvURzGgWSd4Ppfe53n7g2QsWPOEu4H9FxLELBKFqpP4goThiVWWc+rNbcursAWSdeQWpQoDWsfg1GiqURj5FJakzfcxP0M6pRMMnnlUFqeELZlI5539KYRtz42SLynFxYZURCpe2LkSzU3xsZjYyZRYGdzCOaVS8X//P6KYZ3fibiJEUes+VHYSoJKpLfT0ZCc4ZyZgllWtishE2opgxtSxVbgrd68jrpXNW9m/r1w3Wt0SzqKMMZnMMleHALDWhCC9rAQMEzvMKbg86L8+58LEdLTrFzCn/gfP4AlPORew==</latexit>V
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<latexit sha1_base64="WMSrn2WkrtqCTIAU/vfREMtTjnY="></latexit>Z

⌦
ru ·rv dx+

Z

⌦
uv dx =

Z

⌦
fv dx

for all v 2 V = H
1
0 (⌦)



Motivation
Solve PDEs numerically

Infinite dimensional subspace consisting 
of functions with continuous first 
derivative and zero on the boundary

<latexit sha1_base64="3awgHM9E5XVjfV38fVf3HTiVkHA=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARdFMSKeqy4KbLCvYCTQyT6aQdOpmEuQgl9Bnc+CpuXCji1pU738ZJm0Vt/WHg5zvnMOf8YcqoVI7zY5XW1jc2t8rblZ3dvf0D+/CoIxMtMGnjhCWiFyJJGOWkrahipJcKguKQkW44vs3r3UciJE34vZqkxI/RkNOIYqQMCuwLHYygRzn0YqRGGLGsM30wROpQErVIA7vq1JyZ4KpxC1MFhVqB/e0NEqxjwhVmSMq+66TKz5BQFDMyrXhakhThMRqSvrEcxUT62eykKTwzZACjRJjHFZzRxYkMxVJO4tB05ivK5VoO/6v1tYpu/IzyVCvC8fyjSDOoEpjnAwdUEKzYxBiEBTW7QjxCAmFlUqyYENzlk1dN57LmXtXqd/Vqo1nEUQYn4BScAxdcgwZoghZoAwyewAt4A+/Ws/VqfVif89aSVcwcgz+yvn4BcqeeAw==</latexit>

uh 2 Vh ⇢ V The goal of this lecture is to construct                
such that it accurately represents 

<latexit sha1_base64="pDGWK63cCy373+ktisrMbkb4LQU=">AAAB9XicbVDLSgMxFL2pr1pfVZdugkVwVWakqMuCmy4r2Ae005JJM21oJjMkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck+OHwuujeN8o8LG5tb2TnG3tLd/cHhUPj5p6yhRlLVoJCLV9YlmgkvWMtwI1o0VI6EvWMef3mV+55EpzSP5YGYx80IyljzglBgrDfohMRNKRNqeDyZ4WK44VWcBvE7cnFQgR3NY/uqPIpqETBoqiNY914mNlxJlOBVsXuonmsWETsmY9SyVJGTaSxep5/jCKiMcRMo+afBC/b2RklDrWejbySylXvUy8T+vl5jg1ku5jBPDJF0eChKBTYSzCvCIK0aNmFlCqOI2K6YTogg1tqiSLcFd/fI6aV9V3etq7b5WqTfyOopwBudwCS7cQB0a0IQWUFDwDK/whp7QC3pHH8vRAsp3TuEP0OcPb0eSfw==</latexit>

Vh
<latexit sha1_base64="JhEVZwy8GiL193k/si0BoH+kwws=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLgpssK9gFtKJPppB06yYSZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pGJVqxttMSaV7ATVcipi3UaDkvURzGgWSd4Ppfe53n7g2QsWPOEu4H9FxLELBKFqpP4goThiVWWc+rNbcursAWSdeQWpQoDWsfg1GiqURj5FJakzfcxP0M6pRMMnnlUFqeELZlI5539KYRtz42SLynFxYZURCpe2LkSzU3xsZjYyZRYGdzCOaVS8X//P6KYZ3fibiJEUes+VHYSoJKpLfT0ZCc4ZyZgllWtishE2opgxtSxVbgrd68jrpXNW9m/r1w3Wt0SzqKMMZnMMleHALDWhCC9rAQMEzvMKbg86L8+58LEdLTrFzCn/gfP4AlPORew==</latexit>V
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<latexit sha1_base64="WMSrn2WkrtqCTIAU/vfREMtTjnY="></latexit>Z

⌦
ru ·rv dx+

Z

⌦
uv dx =

Z

⌦
fv dx

for all v 2 V = H
1
0 (⌦)



Types of Elements and Approximation Properties
Section 8.3

Motivating questions


• How accurate is a solution from a finite-dimensional subspace (            )?


• How do we choose     ? 


• What are the bounds on the error (           )?


•

<latexit sha1_base64="keLabXwGuq3Gu1kBh6LZ470/bi4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh4LHvRYwbSFNpTNdtMu3WzCfggl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YcqZ0q777ZTW1jc2t8rblZ3dvf2D6uFRWyVGEuqThCeyG2JFORPU10xz2k0lxXHIaSec3OZ+54lKxRLxqKcpDWI8EixiBGsr+ebCDMaDas2tu3OgVeIVpAYFWoPqV3+YEBNToQnHSvU8N9VBhqVmhNNZpW8UTTGZ4BHtWSpwTFWQzY+doTOrDFGUSFtCo7n6eyLDsVLTOLSdMdZjtezl4n9ez+joJsiYSI2mgiwWRYYjnaD8czRkkhLNp5ZgIpm9FZExlphom0/FhuAtv7xK2pd176reeGjUmndFHGU4gVM4Bw+uoQn30AIfCDB4hld4c4Tz4rw7H4vWklPMHMMfOJ8/oK2OmA==</latexit>u� uh

<latexit sha1_base64="SX2OeSM7YTHNounGOcvBQuZvWSA=">AAACHXicbVDLSsNAFJ34rPUVdelmsAhuLIkUdVlwocsK9gFNCJPppB06mYSZiVCS/Igbf8WNC0VcuBH/xkmbRW09cOFwzr3ce48fMyqVZf0YK6tr6xubla3q9s7u3r55cNiRUSIwaeOIRaLnI0kY5aStqGKkFwuCQp+Rrj++KfzuIxGSRvxBTWLihmjIaUAxUlryzIYTUu6liTeCDuXQCZEaYcTSTu6Ncphlybm2ssxL55zcM2tW3ZoCLhO7JDVQouWZX84gwklIuMIMSdm3rVi5KRKKYkbyqpNIEiM8RkPS15SjkEg3nX6Xw1OtDGAQCV1cwak6P5GiUMpJ6OvO4ka56BXif14/UcG1m1IeJ4pwPFsUJAyqCBZRwQEVBCs20QRhQfWtEI+QQFjpQKs6BHvx5WXSuajbl/XGfaPWvC3jqIBjcALOgA2uQBPcgRZoAwyewAt4A+/Gs/FqfBifs9YVo5w5An9gfP8ChMejew==</latexit>

min
uh2Vh

||u� uh||V

<latexit sha1_base64="pDGWK63cCy373+ktisrMbkb4LQU=">AAAB9XicbVDLSgMxFL2pr1pfVZdugkVwVWakqMuCmy4r2Ae005JJM21oJjMkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck+OHwuujeN8o8LG5tb2TnG3tLd/cHhUPj5p6yhRlLVoJCLV9YlmgkvWMtwI1o0VI6EvWMef3mV+55EpzSP5YGYx80IyljzglBgrDfohMRNKRNqeDyZ4WK44VWcBvE7cnFQgR3NY/uqPIpqETBoqiNY914mNlxJlOBVsXuonmsWETsmY9SyVJGTaSxep5/jCKiMcRMo+afBC/b2RklDrWejbySylXvUy8T+vl5jg1ku5jBPDJF0eChKBTYSzCvCIK0aNmFlCqOI2K6YTogg1tqiSLcFd/fI6aV9V3etq7b5WqTfyOopwBudwCS7cQB0a0IQWUFDwDK/whp7QC3pHH8vRAsp3TuEP0OcPb0eSfw==</latexit>

Vh

<latexit sha1_base64="IDc9xDU8c/GSIjrLu4ie92YDeQo=">AAACCnicbVBNS8NAEJ3Ur1q/oh69rBbBU0mkqMeClx4r2A9oY9lsN+3SzSbsboQSevbiX/HiQRGv/gJv/hs3bQ619cHA470ZZub5MWdKO86PVVhb39jcKm6Xdnb39g/sw6OWihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3xbea3H6lULBL3ehJTL8RDwQJGsDZS3z7thViPCOZpa/owQj2V+IpqtKD27bJTcWZAq8TNSRlyNPr2d28QkSSkQhOOleq6Tqy9FEvNCKfTUi9RNMZkjIe0a6jAIVVeOntlis6NMkBBJE0JjWbq4kSKQ6UmoW86sxPVspeJ/3ndRAc3XspEnGgqyHxRkHCkI5TlggZMUqL5xBBMJDO3IjLCEhNt0iuZENzll1dJ67LiXlWqd9VyrZ7HUYQTOIMLcOEaalCHBjSBwBO8wBu8W8/Wq/Vhfc5bC1Y+cwx/YH39AtPpmwQ=</latexit>

Vh ⇢ V
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Types of Elements and Approximation Properties
How accurate is a solution from a finite-dimensional subspace?

<latexit sha1_base64="WMSrn2WkrtqCTIAU/vfREMtTjnY="></latexit>Z

⌦
ru ·rv dx+

Z

⌦
uv dx =

Z

⌦
fv dx

for all v 2 V = H
1
0 (⌦)

Weak form
<latexit sha1_base64="BVN31t9DlyU6+yAyB5tUHRc6iNY=">AAACGXicbVBNS8NAFNz4WetX1aOXxSK0ICURUS9CwYMeK9haaEp52W7axc0m7L4US6g/w4t/xYsHRTzqyX9j0vag1jkNM+/x5o0XSWHQtr+sufmFxaXl3Ep+dW19Y7Owtd0wYawZr7NQhrrpgeFSKF5HgZI3I80h8CS/8W7PM/9mwLURobrGYcTbAfSU8AUDTKVOwYZSfEAHZXpGe6VB2XVd5HeY+KGmIOXo/n7gCkXdALDPQCaNUadQtCv2GHSWOFNSJFPUOoUPtxuyOOAKmQRjWo4dYTsBjYJJPsq7seERsFvo8VZKFQTctJPxZyO6nypdmqXxQ4V0rP7cSCAwZhh46WQW0fz1MvE/rxWjf9pOhIpi5IpNDvmxpBjSrCbaFZozlMOUANMizUpZHzQwTMvMpyU4f1+eJY3DinNcObo6KlYvpnXkyC7ZIyXikBNSJZekRuqEkQfyRF7Iq/VoPVtv1vtkdM6a7uyQX7A+vwEusZ/n</latexit>

a(u, v) = g(v)

for all v 2 V

Bilinear+Linear forms

8



Types of Elements and Approximation Properties
How accurate is a solution from a finite-dimensional subspace?

<latexit sha1_base64="WMSrn2WkrtqCTIAU/vfREMtTjnY="></latexit>Z

⌦
ru ·rv dx+

Z

⌦
uv dx =

Z

⌦
fv dx

for all v 2 V = H
1
0 (⌦)

Weak form Bilinear+Linear forms
<latexit sha1_base64="BVN31t9DlyU6+yAyB5tUHRc6iNY=">AAACGXicbVBNS8NAFNz4WetX1aOXxSK0ICURUS9CwYMeK9haaEp52W7axc0m7L4US6g/w4t/xYsHRTzqyX9j0vag1jkNM+/x5o0XSWHQtr+sufmFxaXl3Ep+dW19Y7Owtd0wYawZr7NQhrrpgeFSKF5HgZI3I80h8CS/8W7PM/9mwLURobrGYcTbAfSU8AUDTKVOwYZSfEAHZXpGe6VB2XVd5HeY+KGmIOXo/n7gCkXdALDPQCaNUadQtCv2GHSWOFNSJFPUOoUPtxuyOOAKmQRjWo4dYTsBjYJJPsq7seERsFvo8VZKFQTctJPxZyO6nypdmqXxQ4V0rP7cSCAwZhh46WQW0fz1MvE/rxWjf9pOhIpi5IpNDvmxpBjSrCbaFZozlMOUANMizUpZHzQwTMvMpyU4f1+eJY3DinNcObo6KlYvpnXkyC7ZIyXikBNSJZekRuqEkQfyRF7Iq/VoPVtv1vtkdM6a7uyQX7A+vwEusZ/n</latexit>

a(u, v) = g(v)

for all v 2 V

<latexit sha1_base64="cFeOnxibcTBDJfy1nBmnCnZuDdw="></latexit>

a(uh, vh) = g(vh)

for all vh 2 Vh

Ritz-Galerkin Approximation

9



Types of Elements and Approximation Properties
How accurate is a solution from a finite-dimensional subspace?

We would like to understand the relationship between 
<latexit sha1_base64="DMaxboYDeEjwGWXG+Y3L9mUK5hU=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4KjNSH8uCC11WsA/o1JLJZNrQTGZI7ohlaH/Ejb/ixoUigiv9GzNtF9p6IHA451xy7/FiwTXY9reVW1peWV3Lrxc2Nre2d4q7ew0dJYqyOo1EpFoe0UxwyerAQbBWrBgJPcGa3uAy85v3TGkeyVsYxqwTkp7kAacEjNQtnibY5RK7IYE+JSJtjMZjF9gDpET6hid3/fmAUbrFkl22J8CLxJmREpqh1i1+un5Ek5BJoIJo3XbsGDopUcCpYKOCm2gWEzogPdY2VJKQ6U46OW+Ej4zi4yBS5knAE/X3REpCrYehZ5LZlnrey8T/vHYCwUUn5TJOgEk6/ShIBIYIZ11hnytGQQwNIVRxsyumfaIIBdNowZTgzJ+8SBonZeesXLmplKpXszry6AAdomPkoHNURdeohuqIokf0jF7Rm/VkvVjv1sc0mrNmM/voD6yvH9lso5M=</latexit>

u 2 V and uh 2 Vh

<latexit sha1_base64="BVN31t9DlyU6+yAyB5tUHRc6iNY=">AAACGXicbVBNS8NAFNz4WetX1aOXxSK0ICURUS9CwYMeK9haaEp52W7axc0m7L4US6g/w4t/xYsHRTzqyX9j0vag1jkNM+/x5o0XSWHQtr+sufmFxaXl3Ep+dW19Y7Owtd0wYawZr7NQhrrpgeFSKF5HgZI3I80h8CS/8W7PM/9mwLURobrGYcTbAfSU8AUDTKVOwYZSfEAHZXpGe6VB2XVd5HeY+KGmIOXo/n7gCkXdALDPQCaNUadQtCv2GHSWOFNSJFPUOoUPtxuyOOAKmQRjWo4dYTsBjYJJPsq7seERsFvo8VZKFQTctJPxZyO6nypdmqXxQ4V0rP7cSCAwZhh46WQW0fz1MvE/rxWjf9pOhIpi5IpNDvmxpBjSrCbaFZozlMOUANMizUpZHzQwTMvMpyU4f1+eJY3DinNcObo6KlYvpnXkyC7ZIyXikBNSJZekRuqEkQfyRF7Iq/VoPVtv1vtkdM6a7uyQX7A+vwEusZ/n</latexit>

a(u, v) = g(v)

for all v 2 V

<latexit sha1_base64="cFeOnxibcTBDJfy1nBmnCnZuDdw="></latexit>

a(uh, vh) = g(vh)

for all vh 2 Vh

10



Types of Elements and Approximation Properties
How accurate is a solution from a finite-dimensional subspace?

We would like to understand the relationship between 
<latexit sha1_base64="DMaxboYDeEjwGWXG+Y3L9mUK5hU=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4KjNSH8uCC11WsA/o1JLJZNrQTGZI7ohlaH/Ejb/ixoUigiv9GzNtF9p6IHA451xy7/FiwTXY9reVW1peWV3Lrxc2Nre2d4q7ew0dJYqyOo1EpFoe0UxwyerAQbBWrBgJPcGa3uAy85v3TGkeyVsYxqwTkp7kAacEjNQtnibY5RK7IYE+JSJtjMZjF9gDpET6hid3/fmAUbrFkl22J8CLxJmREpqh1i1+un5Ek5BJoIJo3XbsGDopUcCpYKOCm2gWEzogPdY2VJKQ6U46OW+Ej4zi4yBS5knAE/X3REpCrYehZ5LZlnrey8T/vHYCwUUn5TJOgEk6/ShIBIYIZ11hnytGQQwNIVRxsyumfaIIBdNowZTgzJ+8SBonZeesXLmplKpXszry6AAdomPkoHNURdeohuqIokf0jF7Rm/VkvVjv1sc0mrNmM/voD6yvH9lso5M=</latexit>

u 2 V and uh 2 Vh

Orthogonality Relationship (Lemma 4.6)

<latexit sha1_base64="BVN31t9DlyU6+yAyB5tUHRc6iNY=">AAACGXicbVBNS8NAFNz4WetX1aOXxSK0ICURUS9CwYMeK9haaEp52W7axc0m7L4US6g/w4t/xYsHRTzqyX9j0vag1jkNM+/x5o0XSWHQtr+sufmFxaXl3Ep+dW19Y7Owtd0wYawZr7NQhrrpgeFSKF5HgZI3I80h8CS/8W7PM/9mwLURobrGYcTbAfSU8AUDTKVOwYZSfEAHZXpGe6VB2XVd5HeY+KGmIOXo/n7gCkXdALDPQCaNUadQtCv2GHSWOFNSJFPUOoUPtxuyOOAKmQRjWo4dYTsBjYJJPsq7seERsFvo8VZKFQTctJPxZyO6nypdmqXxQ4V0rP7cSCAwZhh46WQW0fz1MvE/rxWjf9pOhIpi5IpNDvmxpBjSrCbaFZozlMOUANMizUpZHzQwTMvMpyU4f1+eJY3DinNcObo6KlYvpnXkyC7ZIyXikBNSJZekRuqEkQfyRF7Iq/VoPVtv1vtkdM6a7uyQX7A+vwEusZ/n</latexit>

a(u, v) = g(v)

for all v 2 V

<latexit sha1_base64="cFeOnxibcTBDJfy1nBmnCnZuDdw="></latexit>

a(uh, vh) = g(vh)

for all vh 2 Vh

11



Types of Elements and Approximation Properties
How accurate is a solution from a finite-dimensional subspace?
Orthogonality Relationship (Lemma 4.6)

<latexit sha1_base64="BNyB8FH6qV8/Y21Yitt2OBuT+BY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFF7qsYB/QjiWTZtrQTDImmUIZ+h1uXCji1o9x59+YaWehrQcCh3Pu5Z6cIOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2MbzK/PaFKMykezDSmfoSHgoWMYGMlvxdhMyKYp63Z46hfrrhVdw60SrycVCBHo1/+6g0kSSIqDOFY667nxsZPsTKMcDor9RJNY0zGeEi7lgocUe2n89AzdGaVAQqlsk8YNFd/b6Q40noaBXYyC6mXvUz8z+smJrz2UybixFBBFofChCMjUdYAGjBFieFTSzBRzGZFZIQVJsb2VLIleMtfXiWti6p3Wa3d1yr127yOIpzAKZyDB1dQhztoQBMIPMEzvMKbM3FenHfnYzFacPKdY/gD5/MHFDSSVA==</latexit>

Vh
<latexit sha1_base64="ZMM1U30Hk2cq1ykMmGxiWK8de20=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBgx4r2g9oY9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMrqd+64lrI2L1gOOE+xEdKBEKRtFK9+njsFeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2L6vndeaV2k8dRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx9dZI3h</latexit>

uh

<latexit sha1_base64="0WAH4+xglxhe3BjFWoprOw73Lr8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCBz22YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmmm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/5hyNBw==</latexit>u <latexit sha1_base64="M8ZDHgcoqattk+3Oj1YzMiMJ0Sg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgxbArQb0IAQ96jGAekKxhdtJJhszOLvMQwpKP8OJBEa9+jzf/xkmyB00saCiquunuChPOlPa8bye3srq2vpHfLGxt7+zuFfcPGio2kmKdxjyWrZAo5ExgXTPNsZVIJFHIsRmObqZ+8wmlYrF40OMEg4gMBOszSrSVmnhtzszjsFsseWVvBneZ+BkpQYZat/jV6cXURCg05USptu8lOkiJ1IxynBQ6RmFC6IgMsG2pIBGqIJ2dO3FPrNJz+7G0JbQ7U39PpCRSahyFtjMieqgWvan4n9c2un8VpEwkRqOg80V9w10du9Pf3R6TSDUfW0KoZPZWlw6JJFTbhAo2BH/x5WXSOC/7F+XKfaVUvc3iyMMRHMMp+HAJVbiDGtSBwgie4RXenMR5cd6dj3lrzslmDuEPnM8f4iiPTQ==</latexit>

e = u� uh Relationship between solution to 
weak form and Ritz-Galerkin 
approximation
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Types of Elements and Approximation Properties
How accurate is a solution from a finite-dimensional subspace?

Using the orthogonality property, we can show that the Ritz-Galerkin 
approximation generates the “best approximation” in the subspace


13



Types of Elements and Approximation Properties
How accurate is a solution from a finite-dimensional subspace?

Prove that 

<latexit sha1_base64="KMqifi2fW3ma6vIFzi5zIMmy70M=">AAACAHicbVDJSgNBEO1xjXGLevDgZTAIXgwzEtRjwIMeI5gFkjH09NQkTXoWumuCYZgc/BUvHhTx6md482/sLAdNfFDweK+KqnpuLLhCy/o2lpZXVtfWcxv5za3tnd3C3n5dRYlkUGORiGTTpQoED6GGHAU0Ywk0cAU03P712G8MQCoehfc4jMEJaDfkPmcUtdQpHLYRHjGlngdeNhoNHnpnukajTqFolawJzEViz0iRzFDtFL7aXsSSAEJkgirVsq0YnZRK5ExAlm8nCmLK+rQLLU1DGoBy0skDmXmiFc/0I6krRHOi/p5IaaDUMHB1Z0Cxp+a9sfif10rQv3JSHsYJQsimi/xEmBiZ4zRMj0tgKIaaUCa5vtVkPSopQ51ZXodgz7+8SOrnJfuiVL4rFys3szhy5Igck1Nik0tSIbekSmqEkYw8k1fyZjwZL8a78TFtXTJmMwfkD4zPH+jVl0c=</latexit>

added vh � vh

Shows how the solution of the weak form,    , and 


Ritz-Galerkin approximation,       , are related 


<latexit sha1_base64="fF+AP0yM0kJ81UuReX9el/U1gyQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGdn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9m+p187pSq+dxFOEMzuESPLiFGtShAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD5mmNCA==</latexit>u
<latexit sha1_base64="bYgRMubjgc/RjR28cca4iyYInzc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeClx4r2lpoY9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOlu/Rx1C9X3Ko7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R9UfUuq7XbWqXeyOMowgmcwjl4cAV1aEATWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wddsY3i</latexit>

uh
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Types of Elements and Approximation Properties
How accurate is a solution from a finite-dimensional subspace?

Cea’s Lemma

• Given that the       is not unacceptably large, how do we construct/find      ? 


• How large is the right-hand side?


It depends on the mesh chosen and the piecewise-polynomial approximation 
spaces over that mesh. 


<latexit sha1_base64="5FqH0tbp8WgJyR27+3pKTFW/urA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRUl0W3HRZwT6gDWEynbRDJ5MwMxFqyJe4caGIWz/FnX/jtM1CWw/cy+Gce5k7J0g4U9pxvq3S1vbO7l55v3JweHRctU9OeypOJaFdEvNYDgKsKGeCdjXTnA4SSXEUcNoPZncLv/9IpWKxeNDzhHoRnggWMoK1kXy7OgolJhnx3dw0J/ftmlN3lkCbxC1IDQp0fPtrNI5JGlGhCcdKDV0n0V6GpWaE07wyShVNMJnhCR0aKnBElZctD8/RpVHGKIylKaHRUv29keFIqXkUmMkI66la9xbif94w1eGtlzGRpJoKsnooTDnSMVqkgMZMUqL53BBMJDO3IjLFJgltsqqYENz1L2+S3nXdbdYb941aq13EUYZzuIArcOEGWtCGDnSBQArP8Apv1pP1Yr1bH6vRklXsnMEfWJ8/poaTHQ==</latexit>c1
c0

<latexit sha1_base64="mxSaEingxNpzp4TXYAOdP9XY73A=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWakqMuCmy4r2Ae0Y8mkmTY0kxmTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck+OHwuujeN8o8LG5tb2TnG3tLd/cHhUPj5p6yhRlLVoJCLV9YlmgkvWMtwI1o0VI6EvWMef3GV+Z8qU5pF8MLOYeSEZSR5wSoyVvH5IzJgSkbbnj+NBueJUnQXwOnFzUoEczUH5qz+MaBIyaaggWvdcJzZeSpThVLB5qZ9oFhM6ISPWs1SSkGkvXYSe4wurDHEQKfukwQv190ZKQq1noW8ns5B61cvE/7xeYoJbL+UyTgyTdHkoSAQ2Ec4awEOuGDViZgmhitusmI6JItTYnkq2BHf1y+ukfVV1r6u1+1ql3sjrKMIZnMMluHADdWhAE1pA4Qme4RXe0BS9oHf0sRwtoHznFP4Aff4AFIGSVQ==</latexit>

Vh
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Types of Elements and Approximation Properties
Meshes
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Types of Elements and Approximation Properties

Triangular and Tetrahedral 
Elements,  Pk

Quadrilateral and hexahedral 
elements,  Qk

Meshes
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Types of Elements and Approximation Properties

Triangular and Tetrahedral 
Elements,  Pk

Quadrilateral and hexahedral 
elements,  Qk

Meshes
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Given a sphere domain     subdivide it into elements forming a 
Types of Elements and Approximation Properties

Pk

Qk

https://www.danielsieger.com/blog/2021/03/27/generating-spheres.html

<latexit sha1_base64="Esm/858bK9OiwTDfZtEYidMQxko=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI8BL7kZwcRAsoTZSW8yZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVFFpUcaU7ETHAmYSWZZZDJ9FARMThIRrfzPyHJ9CGKXlvJwmEggwlixkl1knt3q2AIemXK37VnwOvkiAnFZSj2S9/9QaKpgKkpZwY0w38xIYZ0ZZRDtNSLzWQEDomQ+g6KokAE2bza6f4zCkDHCvtSlo8V39PZEQYMxGR6xTEjsyyNxP/87qpja/DjMkktSDpYlGccmwVnr2OB0wDtXziCKGauVsxHRFNqHUBlVwIwfLLq6R9UQ0uq7W7WqXeyOMoohN0is5RgK5QHTVQE7UQRY/oGb2iN095L96797FoLXj5zDH6A+/zB2Ptjwo=</latexit>

⌦
<latexit sha1_base64="CMVC7DerCrtTFgMoOIbvVGPNEUM=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL7kZwTwgWcPspDcZMrO7zswKIeQnvHhQxKu/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ch5hw3AjsJ0opDIQ2ApGNzO/9YRK8zi6N+MEfUkHEQ85o8ZK7e6txAF9GPaKJbfszkFWiZeREmSo94pf3X7MUomRYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixNKIStT+Z3zslZ1bpkzBWtiJD5urviQmVWo9lYDslNUO97M3E/7xOasJrf8KjJDUYscWiMBXExGT2POlzhcyIsSWUKW5vJWxIFWXGRlSwIXjLL6+S5kXZuyxX7iqlai2LIw8ncArn4MEVVKEGdWgAAwHP8ApvzqPz4rw7H4vWnJPNHMMfOJ8/3tqP5A==</latexit>

⌦h
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Triangular meshes on conforming polynomial spaces
Types of Elements and Approximation Properties

• A triangular mesh,                 , is a set of triangles


• Once       is chosen, we can set an approximation 
space by defining


• representations of functions over each     


• rules for how functions on one element relate to 
those on their neighbors (e.g. imposing 
continuity)


<latexit sha1_base64="CMVC7DerCrtTFgMoOIbvVGPNEUM=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL7kZwTwgWcPspDcZMrO7zswKIeQnvHhQxKu/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ch5hw3AjsJ0opDIQ2ApGNzO/9YRK8zi6N+MEfUkHEQ85o8ZK7e6txAF9GPaKJbfszkFWiZeREmSo94pf3X7MUomRYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixNKIStT+Z3zslZ1bpkzBWtiJD5urviQmVWo9lYDslNUO97M3E/7xOasJrf8KjJDUYscWiMBXExGT2POlzhcyIsSWUKW5vJWxIFWXGRlSwIXjLL6+S5kXZuyxX7iqlai2LIw8ncArn4MEVVKEGdWgAAwHP8ApvzqPz4rw7H4vWnJPNHMMfOJ8/3tqP5A==</latexit>

⌦h

<latexit sha1_base64="BkcuPjV7LOVyHk7axsT2Aav4WaI=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEinoRCl56s4L9gCaWyXbTLt1Nwu5GKKHgX/HiQRGv/g5v/hu3bQ7a+mDg8d4MM/OChDOlHefbKqysrq1vFDdLW9s7u3v2/kFLxakktEliHstOAIpyFtGmZprTTiIpiIDTdjC6mfrtRyoVi6N7PU6oL2AQsZAR0Ebq2UferaADeBjia+xl2NOQYm/Ss8tOxZkBLxM3J2WUo9Gzv7x+TFJBI004KNV1nUT7GUjNCKeTkpcqmgAZwYB2DY1AUOVns/Mn+NQofRzG0lSk8Uz9PZGBUGosAtMpQA/VojcV//O6qQ6v/IxFSappROaLwpRjHeNpFrjPJCWajw0BIpm5FZMhSCDaJFYyIbiLLy+T1nnFvahU76rlWj2Po4iO0Qk6Qy66RDVURw3URARl6Bm9ojfryXqx3q2PeWvBymcO0R9Ynz+iT5Sq</latexit>

⌦h = {⌧}

<latexit sha1_base64="JLxBrT0fko3rhJRSQsWX+4wfXII=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBS48V7Ae0oWy2m3bpbhJ2J0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUkS8jQIl7yWaUxVI3g2m97nffeLaiDh6xFnCfUXHkQgFo5hLA6TpsFpz6+4CZJ14BalBgdaw+jUYxSxVPEImqTF9z03Qz6hGwSSfVwap4QllUzrmfUsjqrjxs8Wtc3JhlREJY20rQrJQf09kVBkzU4HtVBQnZtXLxf+8forhnZ+JKEmRR2y5KEwlwZjkj5OR0JyhnFlCmRb2VsImVFOGNp6KDcFbfXmddK7q3k39+uG61mgWcZThDM7hEjy4hQY0oQVtYDCBZ3iFN0c5L86787FsLTnFzCn8gfP5AyXpjlc=</latexit>⌧
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Triangular meshes on conforming polynomial spaces
Types of Elements and Approximation Properties

Continuous polynomial spaces are called conforming and discontinuous are 
non-conforming 
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Triangular meshes on conforming polynomial spaces
Types of Elements and Approximation Properties

Continuous polynomial spaces are called conforming and discontinuous are 
non-conforming 

Examples:


•            : piece-wise linear function over triangular elements


•            : piece-wise quadratic  function over triangular elements

<latexit sha1_base64="KdAGZ18t3giRgc1SJOfBG5ewhzs=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh4LXnqzgv2Adi3ZNNuGJtk1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo9uZ3xpTpVkkH8wkpr7AA8lCRrCxkl/veaXunaAD/Di86BWKbtmdA60SLyNFyFDvFb66/YgkgkpDONa647mx8VOsDCOcTvPdRNMYkxEe0I6lEguq/XR+9BSdW6WPwkjZkgbN1d8TKRZaT0RgOwU2Q73szcT/vE5iwhs/ZTJODJVksShMODIRmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOWXV0nzsuxdlSv3lWK1lsWRg1M4gxJ4cA1VqEEdGkDgCZ7hFd6csfPivDsfi9Y1J5s5gT9wPn8AdEuRRw==</latexit>

P1(⌦
h)

<latexit sha1_base64="N0Q79tZ8S4C7eI9QiygEgRXskU4=">AAAB9HicbVBNTwIxEO3iF+IX6tFLIzHBC9klRD2SeOEmJvKRwEq6ZYCGtru2XRKy4Xd48aAxXv0x3vw3FtiDgi+Z5OW9mczMCyLOtHHdbyezsbm1vZPdze3tHxwe5Y9PmjqMFYUGDXmo2gHRwJmEhmGGQztSQETAoRWMb+d+awJKs1A+mGkEviBDyQaMEmMlv94rF7t3AobkcXTZyxfckrsAXideSgooRb2X/+r2QxoLkIZyonXHcyPjJ0QZRjnMct1YQ0TomAyhY6kkArSfLI6e4Qur9PEgVLakwQv190RChNZTEdhOQcxIr3pz8T+vE5vBjZ8wGcUGJF0uGsQcmxDPE8B9poAaPrWEUMXsrZiOiCLU2JxyNgRv9eV10iyXvKtS5b5SqNbSOLLoDJ2jIvLQNaqiGqqjBqLoCT2jV/TmTJwX5935WLZmnHTmFP2B8/kDddmRSA==</latexit>

P2(⌦
h)
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Triangular meshes on conforming polynomial spaces
Types of Elements and Approximation Properties
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Triangular meshes on conforming polynomial spaces
Types of Elements and Approximation Properties
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Triangular meshes on conforming polynomial spaces
Types of Elements and Approximation Properties

HW#4: do the previous calculation for
<latexit sha1_base64="N0Q79tZ8S4C7eI9QiygEgRXskU4=">AAAB9HicbVBNTwIxEO3iF+IX6tFLIzHBC9klRD2SeOEmJvKRwEq6ZYCGtru2XRKy4Xd48aAxXv0x3vw3FtiDgi+Z5OW9mczMCyLOtHHdbyezsbm1vZPdze3tHxwe5Y9PmjqMFYUGDXmo2gHRwJmEhmGGQztSQETAoRWMb+d+awJKs1A+mGkEviBDyQaMEmMlv94rF7t3AobkcXTZyxfckrsAXideSgooRb2X/+r2QxoLkIZyonXHcyPjJ0QZRjnMct1YQ0TomAyhY6kkArSfLI6e4Qur9PEgVLakwQv190RChNZTEdhOQcxIr3pz8T+vE5vBjZ8wGcUGJF0uGsQcmxDPE8B9poAaPrWEUMXsrZiOiCLU2JxyNgRv9eV10iyXvKtS5b5SqNbSOLLoDJ2jIvLQNaqiGqqjBqLoCT2jV/TmTJwX5935WLZmnHTmFP2B8/kDddmRSA==</latexit>

P2(⌦
h)
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Triangular meshes on conforming polynomial spaces
Types of Elements and Approximation Properties
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Triangular meshes on conforming polynomial spaces
Types of Elements and Approximation Properties

<latexit sha1_base64="q3zDQIjyjtaGJfBE9wNC9N23njc=">AAACEHicbZC7SgNBFIZnvcZ4W7W0GQyiIAm7IahlIE3sIpgL5LLMTibJkNmLcxHC7j6Cja9iY6GIraWdb+NskkITfxj4+M85nDm/GzIqpGV9Gyura+sbm5mt7PbO7t6+eXDYEIHimNRxwALecpEgjPqkLqlkpBVygjyXkaY7rqT15gPhggb+nZyEpOuhoU8HFCOpLcc8i2OVv+mNVBw7oleEHUbuYWXUi8YXdl4ksYqdFBPHzFkFayq4DPYccmCummN+dfoBVh7xJWZIiLZthbIbIS4pZiTJdpQgIcJjNCRtjT7yiOhG04MSeKqdPhwEXD9fwqn7eyJCnhATz9WdHpIjsVhLzf9qbSUH192I+qGSxMezRQPFoAxgmg7sU06wZBMNCHOq/wrxCHGEpc4wq0OwF09ehkaxYF8WSrelXLk6jyMDjsEJOAc2uAJlUAU1UAcYPIJn8ArejCfjxXg3PmatK8Z85gj8kfH5A+ounIk=</latexit>

||u� Ihu||2s  Chk+1�s|u|k+1
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Triangular meshes on conforming polynomial spaces
Types of Elements and Approximation Properties

<latexit sha1_base64="q3zDQIjyjtaGJfBE9wNC9N23njc=">AAACEHicbZC7SgNBFIZnvcZ4W7W0GQyiIAm7IahlIE3sIpgL5LLMTibJkNmLcxHC7j6Cja9iY6GIraWdb+NskkITfxj4+M85nDm/GzIqpGV9Gyura+sbm5mt7PbO7t6+eXDYEIHimNRxwALecpEgjPqkLqlkpBVygjyXkaY7rqT15gPhggb+nZyEpOuhoU8HFCOpLcc8i2OVv+mNVBw7oleEHUbuYWXUi8YXdl4ksYqdFBPHzFkFayq4DPYccmCummN+dfoBVh7xJWZIiLZthbIbIS4pZiTJdpQgIcJjNCRtjT7yiOhG04MSeKqdPhwEXD9fwqn7eyJCnhATz9WdHpIjsVhLzf9qbSUH192I+qGSxMezRQPFoAxgmg7sU06wZBMNCHOq/wrxCHGEpc4wq0OwF09ehkaxYF8WSrelXLk6jyMDjsEJOAc2uAJlUAU1UAcYPIJn8ArejCfjxXg3PmatK8Z85gj8kfH5A+ounIk=</latexit>

||u� Ihu||2s  Chk+1�s|u|k+1

<latexit sha1_base64="mZgcPauCnrWEXLx5rjVbahdQb4Y=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9CwEu8RTAPTDZhdjKbDJmdXeYhhCV/4cWDIl79G2/+jZNkD5pY0FBUddPdFSScKe26305ubX1jcyu/XdjZ3ds/KB4eNVVsJKENEvNYtgOsKGeCNjTTnLYTSXEUcNoKxrczv/VEpWKxeNCThPoRHgoWMoK1lR7veiODbpDpjfrFklt250CrxMtICTLU+8Wv7iAmJqJCE46V6nhuov0US80Ip9NC1yiaYDLGQ9qxVOCIKj+dXzxFZ1YZoDCWtoRGc/X3RIojpSZRYDsjrEdq2ZuJ/3kdo8NrP2UiMZoKslgUGo50jGbvowGTlGg+sQQTyeytiIywxETbkAo2BG/55VXSvCh7l+XKfaVUrWVx5OEETuEcPLiCKtSgDg0gIOAZXuHNUc6L8+58LFpzTjZzDH/gfP4Adv6QKQ==</latexit>

Ihu = uh
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<latexit sha1_base64="q3zDQIjyjtaGJfBE9wNC9N23njc=">AAACEHicbZC7SgNBFIZnvcZ4W7W0GQyiIAm7IahlIE3sIpgL5LLMTibJkNmLcxHC7j6Cja9iY6GIraWdb+NskkITfxj4+M85nDm/GzIqpGV9Gyura+sbm5mt7PbO7t6+eXDYEIHimNRxwALecpEgjPqkLqlkpBVygjyXkaY7rqT15gPhggb+nZyEpOuhoU8HFCOpLcc8i2OVv+mNVBw7oleEHUbuYWXUi8YXdl4ksYqdFBPHzFkFayq4DPYccmCummN+dfoBVh7xJWZIiLZthbIbIS4pZiTJdpQgIcJjNCRtjT7yiOhG04MSeKqdPhwEXD9fwqn7eyJCnhATz9WdHpIjsVhLzf9qbSUH192I+qGSxMezRQPFoAxgmg7sU06wZBMNCHOq/wrxCHGEpc4wq0OwF09ehkaxYF8WSrelXLk6jyMDjsEJOAc2uAJlUAU1UAcYPIJn8ArejCfjxXg3PmatK8Z85gj8kfH5A+ounIk=</latexit>

||u� Ihu||2s  Chk+1�s|u|k+1

<latexit sha1_base64="+bP8JFTARRpfxw6NKkWfK2hneUQ=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwVZJS1I1Q0EWXFewDmhgm00k7dPJwZiKUJN/hxl9x40IRd+LGv3HSZqGtBwYO55zLnXvciFEhDeNbK62srq1vlDcrW9s7u3v6/kFXhDHHpINDFvK+iwRhNCAdSSUj/YgT5LuM9NzJVe73HggXNAxu5TQito9GAfUoRlJJjm6maZymjoCX0BKx7yQWYtEYQYuReygymKbXd4WWwTxZd/SqUTNmgMvELEgVFGg7+qc1DHHsk0BihoQYmEYk7QRxSTEjWcWKBYkQnqARGSgaIJ8IO5mdlsETpQyhF3L1Agln6u+JBPlCTH1XJX0kx2LRy8X/vEEsvQs7oUEUSxLg+SIvZlCGMO8JDiknWLKpIghzqv4K8RhxhKVqs6JKMBdPXibdes08qzVuGtVmq6ijDI7AMTgFJjgHTdACbdABGDyCZ/AK3rQn7UV71z7m0ZJWzByCP9C+fgClz6FF</latexit>

||u||s =
X

↵s

||D↵u||2

-based Sobolev norm -norm
<latexit sha1_base64="8Mer82hoWoI8xupBVxhw8ZBc5aQ=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAJoVFRPMByRn2NnvJkr29Y3dOCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfju5tfWNza38dmFnd2//oHh41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG5mfuuJayNi9YDjhPsRHSgRCkbRSve3j0mvWHLL7hxklXgZKUGGeq/41e3HLI24QiapMR3PTdCfUI2CST4tdFPDE8pGdMA7lioaceNP5qdOyZlV+iSMtS2FZK7+npjQyJhxFNjOiOLQLHsz8T+vk2J47U+ESlLkii0WhakkGJPZ36QvNGcox5ZQpoW9lbAh1ZShTadgQ/CWX14lzYuyd1mu3FVK1VoWRx5O4BTOwYMrqEIN6tAABgN4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/K1uNwQ==</latexit>

Lp

<latexit sha1_base64="71H6lRH96YXPzbEu6lqtc4bOazE="></latexit>

|u|p =

✓Z

⌦
|u|p dx

◆1/p
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<latexit sha1_base64="a0S/LnMJSZMH//6s5ergK8sphsw=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0Iahmw0MIiovmA5Ax7m7lkyd7esbsnhJCfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjsrq2vrG5u5rfz2zu7efuHgsKHjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaD4dXUbz6h0jyWD2aUoB/RvuQhZ9RY6f72sdwtFN2SOwNZJl5GipCh1i18dXoxSyOUhgmqddtzE+OPqTKcCZzkO6nGhLIh7WPbUkkj1P54duqEnFqlR8JY2ZKGzNTfE2MaaT2KAtsZUTPQi95U/M9rpya89MdcJqlByeaLwlQQE5Pp36THFTIjRpZQpri9lbABVZQZm07ehuAtvrxMGuWSd16q3FWK1essjhwcwwmcgQcXUIUbqEEdGPThGV7hzRHOi/PufMxbV5xs5gj+wPn8Ac0HjYI=</latexit>

L2
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<latexit sha1_base64="q3zDQIjyjtaGJfBE9wNC9N23njc=">AAACEHicbZC7SgNBFIZnvcZ4W7W0GQyiIAm7IahlIE3sIpgL5LLMTibJkNmLcxHC7j6Cja9iY6GIraWdb+NskkITfxj4+M85nDm/GzIqpGV9Gyura+sbm5mt7PbO7t6+eXDYEIHimNRxwALecpEgjPqkLqlkpBVygjyXkaY7rqT15gPhggb+nZyEpOuhoU8HFCOpLcc8i2OVv+mNVBw7oleEHUbuYWXUi8YXdl4ksYqdFBPHzFkFayq4DPYccmCummN+dfoBVh7xJWZIiLZthbIbIS4pZiTJdpQgIcJjNCRtjT7yiOhG04MSeKqdPhwEXD9fwqn7eyJCnhATz9WdHpIjsVhLzf9qbSUH192I+qGSxMezRQPFoAxgmg7sU06wZBMNCHOq/wrxCHGEpc4wq0OwF09ehkaxYF8WSrelXLk6jyMDjsEJOAc2uAJlUAU1UAcYPIJn8ArejCfjxXg3PmatK8Z85gj8kfH5A+ounIk=</latexit>

||u� Ihu||2s  Chk+1�s|u|k+1

Example:  <latexit sha1_base64="+N123VYmdykYV1GO2I1Tl0TUp8w=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUkUQCl56rGA/oF1KNs22oUl2SbJCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSUdHiSK0TSIeqV6ANeVM0rZhhtNerCgWAafdYHqf+d0nqjSL5KOZxdQXeCxZyAg2maTv3NthueJW3QXQOvFyUoEcrWH5azCKSCKoNIRjrfueGxs/xcowwum8NEg0jTGZ4jHtWyqxoNpPF7fO0YVVRiiMlC1p0EL9PZFiofVMBLZTYDPRq14m/uf1ExPe+CmTcWKoJMtFYcKRiVD2OBoxRYnhM0swUczeisgEK0yMjadkQ/BWX14nnauqV6/WHmqVRjOPowhncA6X4ME1NKAJLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fUVCNyw==</latexit>

s = 0 :

<latexit sha1_base64="AObdPvfMKQw6H/ezz9KPk08tFdA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUkUQCl56rGA/oF1KNs22oUl2SbJCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSUdHiSK0TSIeqV6ANeVM0rZhhtNerCgWAafdYHqf+d0nqjSL5KOZxdQXeCxZyAg2maTvvNthueJW3QXQOvFyUoEcrWH5azCKSCKoNIRjrfueGxs/xcowwum8NEg0jTGZ4jHtWyqxoNpPF7fO0YVVRiiMlC1p0EL9PZFiofVMBLZTYDPRq14m/uf1ExPe+CmTcWKoJMtFYcKRiVD2OBoxRYnhM0swUczeisgEK0yMjadkQ/BWX14nnauqV6/WHmqVRjOPowhncA6X4ME1NKAJLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fUtWNzA==</latexit>

s = 1 :
<latexit sha1_base64="VMgfTQQeiZtLng1DyihIT8pPHps=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9gNQT0GvOQYwTwgWcLspDcZMvtwZjYQlvyJFw+KePVPvPk3TpI9aGJB00VVN9NTfiK40o7zbRW2tnd294r7pYPDo+MT+/SsreJUMmyxWMSy61OFgkfY0lwL7CYSaegL7PiT+4XfmaJUPI4e9SxBL6SjiAecUW2kgW07pC/wiRC16tWBXXYqzhJkk7g5KUOO5sD+6g9jloYYaSaoUj3XSbSXUak5Ezgv9VOFCWUTOsKeoRENUXnZ8vI5uTLKkASxNBVpslR/b2Q0VGoW+mYypHqs1r2F+J/XS3Vw52U8SlKNEVs9FKSC6JgsYiBDLpFpMTOEMsnNrYSNqaRMm7BKJgR3/cubpF2tuDeV2kOtXG/kcRThAi7hGly4hTo0oAktYDCFZ3iFNyuzXqx362M1WrDynXP4A+vzBxawkgs=</latexit>

0  s  2

<latexit sha1_base64="+QTX0RVnhH7++V5MIFSjPnNCz6A=">AAACG3icbVDNSgMxGMzWv1r/Vj16CRahvZTdUtSLUPDSmxVsK3TbJZtm29AkuyRZoSx9Dy++ihcPingSPPg2pu0etHUgMMx8H19mgphRpR3n28qtrW9sbuW3Czu7e/sH9uFRW0WJxKSFIxbJ+wApwqggLU01I/exJIgHjHSC8fXM7zwQqWgk7vQkJj2OhoKGFCNtJN+uehzpEUYsbU/7o6um75a8G06GqD8qQ88rJNCjAjb6aXWaGWXfLjoVZw64StyMFEGGpm9/eoMIJ5wIjRlSqus6se6lSGqKGZkWvESRGOExGpKuoQJxonrpPNsUnhllAMNImic0nKu/N1LElZrwwEzOkqhlbyb+53UTHV72UiriRBOBF4fChEEdwVlRcEAlwZpNDEFYUvNXiEdIIqxNnQVTgrsceZW0qxX3vFK7rRXrjayOPDgBp6AEXHAB6qABmqAFMHgEz+AVvFlP1ov1bn0sRnNWtnMM/sD6+gEs0J+h</latexit>

Vh = P1(⌦
h)

u 2 H
2(⌦)
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<latexit sha1_base64="q3zDQIjyjtaGJfBE9wNC9N23njc=">AAACEHicbZC7SgNBFIZnvcZ4W7W0GQyiIAm7IahlIE3sIpgL5LLMTibJkNmLcxHC7j6Cja9iY6GIraWdb+NskkITfxj4+M85nDm/GzIqpGV9Gyura+sbm5mt7PbO7t6+eXDYEIHimNRxwALecpEgjPqkLqlkpBVygjyXkaY7rqT15gPhggb+nZyEpOuhoU8HFCOpLcc8i2OVv+mNVBw7oleEHUbuYWXUi8YXdl4ksYqdFBPHzFkFayq4DPYccmCummN+dfoBVh7xJWZIiLZthbIbIS4pZiTJdpQgIcJjNCRtjT7yiOhG04MSeKqdPhwEXD9fwqn7eyJCnhATz9WdHpIjsVhLzf9qbSUH192I+qGSxMezRQPFoAxgmg7sU06wZBMNCHOq/wrxCHGEpc4wq0OwF09ehkaxYF8WSrelXLk6jyMDjsEJOAc2uAJlUAU1UAcYPIJn8ArejCfjxXg3PmatK8Z85gj8kfH5A+ounIk=</latexit>

||u� Ihu||2s  Chk+1�s|u|k+1

Example:  

<latexit sha1_base64="VMgfTQQeiZtLng1DyihIT8pPHps=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9gNQT0GvOQYwTwgWcLspDcZMvtwZjYQlvyJFw+KePVPvPk3TpI9aGJB00VVN9NTfiK40o7zbRW2tnd294r7pYPDo+MT+/SsreJUMmyxWMSy61OFgkfY0lwL7CYSaegL7PiT+4XfmaJUPI4e9SxBL6SjiAecUW2kgW07pC/wiRC16tWBXXYqzhJkk7g5KUOO5sD+6g9jloYYaSaoUj3XSbSXUak5Ezgv9VOFCWUTOsKeoRENUXnZ8vI5uTLKkASxNBVpslR/b2Q0VGoW+mYypHqs1r2F+J/XS3Vw52U8SlKNEVs9FKSC6JgsYiBDLpFpMTOEMsnNrYSNqaRMm7BKJgR3/cubpF2tuDeV2kOtXG/kcRThAi7hGly4hTo0oAktYDCFZ3iFNyuzXqx362M1WrDynXP4A+vzBxawkgs=</latexit>

0  s  2

<latexit sha1_base64="+N123VYmdykYV1GO2I1Tl0TUp8w=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUkUQCl56rGA/oF1KNs22oUl2SbJCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSUdHiSK0TSIeqV6ANeVM0rZhhtNerCgWAafdYHqf+d0nqjSL5KOZxdQXeCxZyAg2maTv3NthueJW3QXQOvFyUoEcrWH5azCKSCKoNIRjrfueGxs/xcowwum8NEg0jTGZ4jHtWyqxoNpPF7fO0YVVRiiMlC1p0EL9PZFiofVMBLZTYDPRq14m/uf1ExPe+CmTcWKoJMtFYcKRiVD2OBoxRYnhM0swUczeisgEK0yMjadkQ/BWX14nnauqV6/WHmqVRjOPowhncA6X4ME1NKAJLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fUVCNyw==</latexit>

s = 0 :

<latexit sha1_base64="AObdPvfMKQw6H/ezz9KPk08tFdA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUkUQCl56rGA/oF1KNs22oUl2SbJCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSUdHiSK0TSIeqV6ANeVM0rZhhtNerCgWAafdYHqf+d0nqjSL5KOZxdQXeCxZyAg2maTvvNthueJW3QXQOvFyUoEcrWH5azCKSCKoNIRjrfueGxs/xcowwum8NEg0jTGZ4jHtWyqxoNpPF7fO0YVVRiiMlC1p0EL9PZFiofVMBLZTYDPRq14m/uf1ExPe+CmTcWKoJMtFYcKRiVD2OBoxRYnhM0swUczeisgEK0yMjadkQ/BWX14nnauqV6/WHmqVRjOPowhncA6X4ME1NKAJLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fUtWNzA==</latexit>

s = 1 :

Accuracy of                  :

<latexit sha1_base64="J/okaCa8qz8fMXKzGGiOE8azmMk=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9jVoB4DXnKMYB6QLGF20psMmX04MyvEJV/ixYMiXv0Ub/6Nk2QPmljQdFHVzfSUnwiutON8W2vrG5tb24Wd4u7e/kHJPjxqqTiVDJssFrHs+FSh4BE2NdcCO4lEGvoC2/74dua3H1EqHkf3epKgF9JhxAPOqDZS3y45pCfwgahFu+zbZafizEFWiZuTMuRo9O2v3iBmaYiRZoIq1XWdRHsZlZozgdNiL1WYUDamQ+waGtEQlZfND5+SM6MMSBBLU5Emc/X3RkZDpSahbyZDqkdq2ZuJ/3ndVAc3XsajJNUYscVDQSqIjsksBTLgEpkWE0Mok9zcStiISsq0yapoQnCXv7xKWhcV96pSvauWa/U8jgKcwCmcgwvXUIM6NKAJDFJ4hld4s56sF+vd+liMrln5zjH8gfX5A794keI=</latexit>

0  s  3

<latexit sha1_base64="k58e6KSTn/Ez3+qzBVbF4m08Cd4=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh4LXnqzgv2Adi3ZNNuGJtk1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo9uZ3xpTpVkkH8wkpr7AA8lCRrCxkl/vjUrdO0EH+HF40SsU3bI7B1olXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4nea7iaYxJiM8oB1LJRZU++n86Ck6t0ofhZGyJQ2aq78nUiy0nojAdgpshnrZm4n/eZ3EhDd+ymScGCrJYlGYcGQiNEsA9ZmixPCJJZgoZm9FZIgVJsbmlLcheMsvr5LmZdm7KlfuK8VqLYsjB6dwBiXw4BqqUIM6NIDAEzzDK7w5Y+fFeXc+Fq1rTjZzAn/gfP4AzneRgQ==</latexit>

Pk(⌦
h)

<latexit sha1_base64="+N123VYmdykYV1GO2I1Tl0TUp8w=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUkUQCl56rGA/oF1KNs22oUl2SbJCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSUdHiSK0TSIeqV6ANeVM0rZhhtNerCgWAafdYHqf+d0nqjSL5KOZxdQXeCxZyAg2maTv3NthueJW3QXQOvFyUoEcrWH5azCKSCKoNIRjrfueGxs/xcowwum8NEg0jTGZ4jHtWyqxoNpPF7fO0YVVRiiMlC1p0EL9PZFiofVMBLZTYDPRq14m/uf1ExPe+CmTcWKoJMtFYcKRiVD2OBoxRYnhM0swUczeisgEK0yMjadkQ/BWX14nnauqV6/WHmqVRjOPowhncA6X4ME1NKAJLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fUVCNyw==</latexit>

s = 0 :
<latexit sha1_base64="AObdPvfMKQw6H/ezz9KPk08tFdA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUkUQCl56rGA/oF1KNs22oUl2SbJCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSUdHiSK0TSIeqV6ANeVM0rZhhtNerCgWAafdYHqf+d0nqjSL5KOZxdQXeCxZyAg2maTvvNthueJW3QXQOvFyUoEcrWH5azCKSCKoNIRjrfueGxs/xcowwum8NEg0jTGZ4jHtWyqxoNpPF7fO0YVVRiiMlC1p0EL9PZFiofVMBLZTYDPRq14m/uf1ExPe+CmTcWKoJMtFYcKRiVD2OBoxRYnhM0swUczeisgEK0yMjadkQ/BWX14nnauqV6/WHmqVRjOPowhncA6X4ME1NKAJLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fUtWNzA==</latexit>

s = 1 :

<latexit sha1_base64="+QTX0RVnhH7++V5MIFSjPnNCz6A=">AAACG3icbVDNSgMxGMzWv1r/Vj16CRahvZTdUtSLUPDSmxVsK3TbJZtm29AkuyRZoSx9Dy++ihcPingSPPg2pu0etHUgMMx8H19mgphRpR3n28qtrW9sbuW3Czu7e/sH9uFRW0WJxKSFIxbJ+wApwqggLU01I/exJIgHjHSC8fXM7zwQqWgk7vQkJj2OhoKGFCNtJN+uehzpEUYsbU/7o6um75a8G06GqD8qQ88rJNCjAjb6aXWaGWXfLjoVZw64StyMFEGGpm9/eoMIJ5wIjRlSqus6se6lSGqKGZkWvESRGOExGpKuoQJxonrpPNsUnhllAMNImic0nKu/N1LElZrwwEzOkqhlbyb+53UTHV72UiriRBOBF4fChEEdwVlRcEAlwZpNDEFYUvNXiEdIIqxNnQVTgrsceZW0qxX3vFK7rRXrjayOPDgBp6AEXHAB6qABmqAFMHgEz+AVvFlP1ov1bn0sRnNWtnMM/sD6+gEs0J+h</latexit>

Vh = P1(⌦
h)

u 2 H
2(⌦)

<latexit sha1_base64="EFPF2SGWK4x9z6qukTTArYmPaso=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VoNyWpRd0IBTfdWcE+oEnDZDpth04mYWYilND/cOOvuHGhiCvBhX/jpM1CWw8MHM65lzvn+BGjUlnWt5FbW9/Y3MpvF3Z29/YPzMOjtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8yU3qdx6IkDTk92oaETdAI06HFCOlJc+sOgFSY4xY0p71x9dNr1pybgMyQv1xGTpOIYYO5bDRT85nmVH2zKJVseaAq8TOSBFkaHrmpzMIcRwQrjBDUvZsK1JugoSimJFZwYkliRCeoBHpacpRQKSbzLPN4JlWBnAYCv24gnP190aCAimnga8n0yRy2UvF/7xerIZXbkJ5FCvC8eLQMGZQhTAtCg6oIFixqSYIC6r/CvEYCYSVrrOgS7CXI6+SdrViX1Rqd7VivZHVkQcn4BSUgA0uQR00QBO0AAaP4Bm8gjfjyXgx3o2PxWjOyHaOwR8YXz8wAp+j</latexit>

Vh = P2(⌦
h)

u 2 H
3(⌦)
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<latexit sha1_base64="q3zDQIjyjtaGJfBE9wNC9N23njc=">AAACEHicbZC7SgNBFIZnvcZ4W7W0GQyiIAm7IahlIE3sIpgL5LLMTibJkNmLcxHC7j6Cja9iY6GIraWdb+NskkITfxj4+M85nDm/GzIqpGV9Gyura+sbm5mt7PbO7t6+eXDYEIHimNRxwALecpEgjPqkLqlkpBVygjyXkaY7rqT15gPhggb+nZyEpOuhoU8HFCOpLcc8i2OVv+mNVBw7oleEHUbuYWXUi8YXdl4ksYqdFBPHzFkFayq4DPYccmCummN+dfoBVh7xJWZIiLZthbIbIS4pZiTJdpQgIcJjNCRtjT7yiOhG04MSeKqdPhwEXD9fwqn7eyJCnhATz9WdHpIjsVhLzf9qbSUH192I+qGSxMezRQPFoAxgmg7sU06wZBMNCHOq/wrxCHGEpc4wq0OwF09ehkaxYF8WSrelXLk6jyMDjsEJOAc2uAJlUAU1UAcYPIJn8ArejCfjxXg3PmatK8Z85gj8kfH5A+ounIk=</latexit>

||u� Ihu||2s  Chk+1�s|u|k+1

Example:  

<latexit sha1_base64="VMgfTQQeiZtLng1DyihIT8pPHps=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9gNQT0GvOQYwTwgWcLspDcZMvtwZjYQlvyJFw+KePVPvPk3TpI9aGJB00VVN9NTfiK40o7zbRW2tnd294r7pYPDo+MT+/SsreJUMmyxWMSy61OFgkfY0lwL7CYSaegL7PiT+4XfmaJUPI4e9SxBL6SjiAecUW2kgW07pC/wiRC16tWBXXYqzhJkk7g5KUOO5sD+6g9jloYYaSaoUj3XSbSXUak5Ezgv9VOFCWUTOsKeoRENUXnZ8vI5uTLKkASxNBVpslR/b2Q0VGoW+mYypHqs1r2F+J/XS3Vw52U8SlKNEVs9FKSC6JgsYiBDLpFpMTOEMsnNrYSNqaRMm7BKJgR3/cubpF2tuDeV2kOtXG/kcRThAi7hGly4hTo0oAktYDCFZ3iFNyuzXqx362M1WrDynXP4A+vzBxawkgs=</latexit>

0  s  2

<latexit sha1_base64="+N123VYmdykYV1GO2I1Tl0TUp8w=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUkUQCl56rGA/oF1KNs22oUl2SbJCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSUdHiSK0TSIeqV6ANeVM0rZhhtNerCgWAafdYHqf+d0nqjSL5KOZxdQXeCxZyAg2maTv3NthueJW3QXQOvFyUoEcrWH5azCKSCKoNIRjrfueGxs/xcowwum8NEg0jTGZ4jHtWyqxoNpPF7fO0YVVRiiMlC1p0EL9PZFiofVMBLZTYDPRq14m/uf1ExPe+CmTcWKoJMtFYcKRiVD2OBoxRYnhM0swUczeisgEK0yMjadkQ/BWX14nnauqV6/WHmqVRjOPowhncA6X4ME1NKAJLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fUVCNyw==</latexit>

s = 0 :

<latexit sha1_base64="AObdPvfMKQw6H/ezz9KPk08tFdA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUkUQCl56rGA/oF1KNs22oUl2SbJCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSUdHiSK0TSIeqV6ANeVM0rZhhtNerCgWAafdYHqf+d0nqjSL5KOZxdQXeCxZyAg2maTvvNthueJW3QXQOvFyUoEcrWH5azCKSCKoNIRjrfueGxs/xcowwum8NEg0jTGZ4jHtWyqxoNpPF7fO0YVVRiiMlC1p0EL9PZFiofVMBLZTYDPRq14m/uf1ExPe+CmTcWKoJMtFYcKRiVD2OBoxRYnhM0swUczeisgEK0yMjadkQ/BWX14nnauqV6/WHmqVRjOPowhncA6X4ME1NKAJLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fUtWNzA==</latexit>

s = 1 :

Accuracy of                  :

<latexit sha1_base64="J/okaCa8qz8fMXKzGGiOE8azmMk=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9jVoB4DXnKMYB6QLGF20psMmX04MyvEJV/ixYMiXv0Ub/6Nk2QPmljQdFHVzfSUnwiutON8W2vrG5tb24Wd4u7e/kHJPjxqqTiVDJssFrHs+FSh4BE2NdcCO4lEGvoC2/74dua3H1EqHkf3epKgF9JhxAPOqDZS3y45pCfwgahFu+zbZafizEFWiZuTMuRo9O2v3iBmaYiRZoIq1XWdRHsZlZozgdNiL1WYUDamQ+waGtEQlZfND5+SM6MMSBBLU5Emc/X3RkZDpSahbyZDqkdq2ZuJ/3ndVAc3XsajJNUYscVDQSqIjsksBTLgEpkWE0Mok9zcStiISsq0yapoQnCXv7xKWhcV96pSvauWa/U8jgKcwCmcgwvXUIM6NKAJDFJ4hld4s56sF+vd+liMrln5zjH8gfX5A794keI=</latexit>

0  s  3

<latexit sha1_base64="k58e6KSTn/Ez3+qzBVbF4m08Cd4=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh4LXnqzgv2Adi3ZNNuGJtk1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo9uZ3xpTpVkkH8wkpr7AA8lCRrCxkl/vjUrdO0EH+HF40SsU3bI7B1olXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4nea7iaYxJiM8oB1LJRZU++n86Ck6t0ofhZGyJQ2aq78nUiy0nojAdgpshnrZm4n/eZ3EhDd+ymScGCrJYlGYcGQiNEsA9ZmixPCJJZgoZm9FZIgVJsbmlLcheMsvr5LmZdm7KlfuK8VqLYsjB6dwBiXw4BqqUIM6NIDAEzzDK7w5Y+fFeXc+Fq1rTjZzAn/gfP4AzneRgQ==</latexit>

Pk(⌦
h)

<latexit sha1_base64="+N123VYmdykYV1GO2I1Tl0TUp8w=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUkUQCl56rGA/oF1KNs22oUl2SbJCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSUdHiSK0TSIeqV6ANeVM0rZhhtNerCgWAafdYHqf+d0nqjSL5KOZxdQXeCxZyAg2maTv3NthueJW3QXQOvFyUoEcrWH5azCKSCKoNIRjrfueGxs/xcowwum8NEg0jTGZ4jHtWyqxoNpPF7fO0YVVRiiMlC1p0EL9PZFiofVMBLZTYDPRq14m/uf1ExPe+CmTcWKoJMtFYcKRiVD2OBoxRYnhM0swUczeisgEK0yMjadkQ/BWX14nnauqV6/WHmqVRjOPowhncA6X4ME1NKAJLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fUVCNyw==</latexit>

s = 0 :
<latexit sha1_base64="AObdPvfMKQw6H/ezz9KPk08tFdA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUkUQCl56rGA/oF1KNs22oUl2SbJCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSUdHiSK0TSIeqV6ANeVM0rZhhtNerCgWAafdYHqf+d0nqjSL5KOZxdQXeCxZyAg2maTvvNthueJW3QXQOvFyUoEcrWH5azCKSCKoNIRjrfueGxs/xcowwum8NEg0jTGZ4jHtWyqxoNpPF7fO0YVVRiiMlC1p0EL9PZFiofVMBLZTYDPRq14m/uf1ExPe+CmTcWKoJMtFYcKRiVD2OBoxRYnhM0swUczeisgEK0yMjadkQ/BWX14nnauqV6/WHmqVRjOPowhncA6X4ME1NKAJLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fUtWNzA==</latexit>

s = 1 :

<latexit sha1_base64="+QTX0RVnhH7++V5MIFSjPnNCz6A=">AAACG3icbVDNSgMxGMzWv1r/Vj16CRahvZTdUtSLUPDSmxVsK3TbJZtm29AkuyRZoSx9Dy++ihcPingSPPg2pu0etHUgMMx8H19mgphRpR3n28qtrW9sbuW3Czu7e/sH9uFRW0WJxKSFIxbJ+wApwqggLU01I/exJIgHjHSC8fXM7zwQqWgk7vQkJj2OhoKGFCNtJN+uehzpEUYsbU/7o6um75a8G06GqD8qQ88rJNCjAjb6aXWaGWXfLjoVZw64StyMFEGGpm9/eoMIJ5wIjRlSqus6se6lSGqKGZkWvESRGOExGpKuoQJxonrpPNsUnhllAMNImic0nKu/N1LElZrwwEzOkqhlbyb+53UTHV72UiriRBOBF4fChEEdwVlRcEAlwZpNDEFYUvNXiEdIIqxNnQVTgrsceZW0qxX3vFK7rRXrjayOPDgBp6AEXHAB6qABmqAFMHgEz+AVvFlP1ov1bn0sRnNWtnMM/sD6+gEs0J+h</latexit>

Vh = P1(⌦
h)

u 2 H
2(⌦)

<latexit sha1_base64="EFPF2SGWK4x9z6qukTTArYmPaso=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VoNyWpRd0IBTfdWcE+oEnDZDpth04mYWYilND/cOOvuHGhiCvBhX/jpM1CWw8MHM65lzvn+BGjUlnWt5FbW9/Y3MpvF3Z29/YPzMOjtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8yU3qdx6IkDTk92oaETdAI06HFCOlJc+sOgFSY4xY0p71x9dNr1pybgMyQv1xGTpOIYYO5bDRT85nmVH2zKJVseaAq8TOSBFkaHrmpzMIcRwQrjBDUvZsK1JugoSimJFZwYkliRCeoBHpacpRQKSbzLPN4JlWBnAYCv24gnP190aCAimnga8n0yRy2UvF/7xerIZXbkJ5FCvC8eLQMGZQhTAtCg6oIFixqSYIC6r/CvEYCYSVrrOgS7CXI6+SdrViX1Rqd7VivZHVkQcn4BSUgA0uQR00QBO0AAaP4Bm8gjfjyXgx3o2PxWjOyHaOwR8YXz8wAp+j</latexit>

Vh = P2(⌦
h)

u 2 H
3(⌦)
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Combine Cea’s Lemma with the accuracy of            estimate 
Types of Elements and Approximation Properties

<latexit sha1_base64="k58e6KSTn/Ez3+qzBVbF4m08Cd4=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh4LXnqzgv2Adi3ZNNuGJtk1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo9uZ3xpTpVkkH8wkpr7AA8lCRrCxkl/vjUrdO0EH+HF40SsU3bI7B1olXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4nea7iaYxJiM8oB1LJRZU++n86Ck6t0ofhZGyJQ2aq78nUiy0nojAdgpshnrZm4n/eZ3EhDd+ymScGCrJYlGYcGQiNEsA9ZmixPCJJZgoZm9FZIgVJsbmlLcheMsvr5LmZdm7KlfuK8VqLYsjB6dwBiXw4BqqUIM6NIDAEzzDK7w5Y+fFeXc+Fq1rTjZzAn/gfP4AzneRgQ==</latexit>

Pk(⌦
h)

Cea’s Lemma for               :
<latexit sha1_base64="nrlLGEnbMXnUXytFVMmvOixMMik="></latexit>

||u� uh||k  c1
c0

min
uh2Pk(⌦h)

||u� uh||k
<latexit sha1_base64="k58e6KSTn/Ez3+qzBVbF4m08Cd4=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh4LXnqzgv2Adi3ZNNuGJtk1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo9uZ3xpTpVkkH8wkpr7AA8lCRrCxkl/vjUrdO0EH+HF40SsU3bI7B1olXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4nea7iaYxJiM8oB1LJRZU++n86Ck6t0ofhZGyJQ2aq78nUiy0nojAdgpshnrZm4n/eZ3EhDd+ymScGCrJYlGYcGQiNEsA9ZmixPCJJZgoZm9FZIgVJsbmlLcheMsvr5LmZdm7KlfuK8VqLYsjB6dwBiXw4BqqUIM6NIDAEzzDK7w5Y+fFeXc+Fq1rTjZzAn/gfP4AzneRgQ==</latexit>

Pk(⌦
h)

<latexit sha1_base64="VMgfTQQeiZtLng1DyihIT8pPHps=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9gNQT0GvOQYwTwgWcLspDcZMvtwZjYQlvyJFw+KePVPvPk3TpI9aGJB00VVN9NTfiK40o7zbRW2tnd294r7pYPDo+MT+/SsreJUMmyxWMSy61OFgkfY0lwL7CYSaegL7PiT+4XfmaJUPI4e9SxBL6SjiAecUW2kgW07pC/wiRC16tWBXXYqzhJkk7g5KUOO5sD+6g9jloYYaSaoUj3XSbSXUak5Ezgv9VOFCWUTOsKeoRENUXnZ8vI5uTLKkASxNBVpslR/b2Q0VGoW+mYypHqs1r2F+J/XS3Vw52U8SlKNEVs9FKSC6JgsYiBDLpFpMTOEMsnNrYSNqaRMm7BKJgR3/cubpF2tuDeV2kOtXG/kcRThAi7hGly4hTo0oAktYDCFZ3iFNyuzXqx362M1WrDynXP4A+vzBxawkgs=</latexit>

0  s  2

<latexit sha1_base64="AObdPvfMKQw6H/ezz9KPk08tFdA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUkUQCl56rGA/oF1KNs22oUl2SbJCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSUdHiSK0TSIeqV6ANeVM0rZhhtNerCgWAafdYHqf+d0nqjSL5KOZxdQXeCxZyAg2maTvvNthueJW3QXQOvFyUoEcrWH5azCKSCKoNIRjrfueGxs/xcowwum8NEg0jTGZ4jHtWyqxoNpPF7fO0YVVRiiMlC1p0EL9PZFiofVMBLZTYDPRq14m/uf1ExPe+CmTcWKoJMtFYcKRiVD2OBoxRYnhM0swUczeisgEK0yMjadkQ/BWX14nnauqV6/WHmqVRjOPowhncA6X4ME1NKAJLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fUtWNzA==</latexit>

s = 1 :

<latexit sha1_base64="sQ04ls86KJ3vfxfC3X1cqgvm2Yc=">AAACG3icbVDNSgMxGMzWv1r/Vj16CRahvZTdUtSLUPCyNyvYVui2JZumbWiSXZKsUJZ9Dy++ihcPingSPPg2pu0etHUgMMx8H19mgohRpR3n28qtrW9sbuW3Czu7e/sH9uFRS4WxxKSJQxbK+wApwqggTU01I/eRJIgHjLSDyfXMbz8QqWgo7vQ0Il2ORoIOKUbaSH276nOkxxixpJX2vKtG3y35N5yMUG9chr5fiKFPBfR6STXNjHLfLjoVZw64StyMFEGGRt/+9AchjjkRGjOkVMd1It1NkNQUM5IW/FiRCOEJGpGOoQJxorrJPFsKz4wygMNQmic0nKu/NxLElZrywEzOkqhlbyb+53ViPbzsJlREsSYCLw4NYwZ1CGdFwQGVBGs2NQRhSc1fIR4jibA2dRZMCe5y5FXSqlbc80rttlase1kdeXACTkEJuOAC1IEHGqAJMHgEz+AVvFlP1ov1bn0sRnNWtnMM/sD6+gH3oZ+B</latexit>

VH = P1(⌦
h)

u 2 H
2(⌦)
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Combine Cea’s Lemma with the accuracy of            estimate 
Types of Elements and Approximation Properties

<latexit sha1_base64="k58e6KSTn/Ez3+qzBVbF4m08Cd4=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh4LXnqzgv2Adi3ZNNuGJtk1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo9uZ3xpTpVkkH8wkpr7AA8lCRrCxkl/vjUrdO0EH+HF40SsU3bI7B1olXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4nea7iaYxJiM8oB1LJRZU++n86Ck6t0ofhZGyJQ2aq78nUiy0nojAdgpshnrZm4n/eZ3EhDd+ymScGCrJYlGYcGQiNEsA9ZmixPCJJZgoZm9FZIgVJsbmlLcheMsvr5LmZdm7KlfuK8VqLYsjB6dwBiXw4BqqUIM6NIDAEzzDK7w5Y+fFeXc+Fq1rTjZzAn/gfP4AzneRgQ==</latexit>

Pk(⌦
h)

Cea’s Lemma for               :
<latexit sha1_base64="nrlLGEnbMXnUXytFVMmvOixMMik="></latexit>

||u� uh||k  c1
c0

min
uh2Pk(⌦h)

||u� uh||k
<latexit sha1_base64="k58e6KSTn/Ez3+qzBVbF4m08Cd4=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh4LXnqzgv2Adi3ZNNuGJtk1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo9uZ3xpTpVkkH8wkpr7AA8lCRrCxkl/vjUrdO0EH+HF40SsU3bI7B1olXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4nea7iaYxJiM8oB1LJRZU++n86Ck6t0ofhZGyJQ2aq78nUiy0nojAdgpshnrZm4n/eZ3EhDd+ymScGCrJYlGYcGQiNEsA9ZmixPCJJZgoZm9FZIgVJsbmlLcheMsvr5LmZdm7KlfuK8VqLYsjB6dwBiXw4BqqUIM6NIDAEzzDK7w5Y+fFeXc+Fq1rTjZzAn/gfP4AzneRgQ==</latexit>

Pk(⌦
h)

<latexit sha1_base64="VMgfTQQeiZtLng1DyihIT8pPHps=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9gNQT0GvOQYwTwgWcLspDcZMvtwZjYQlvyJFw+KePVPvPk3TpI9aGJB00VVN9NTfiK40o7zbRW2tnd294r7pYPDo+MT+/SsreJUMmyxWMSy61OFgkfY0lwL7CYSaegL7PiT+4XfmaJUPI4e9SxBL6SjiAecUW2kgW07pC/wiRC16tWBXXYqzhJkk7g5KUOO5sD+6g9jloYYaSaoUj3XSbSXUak5Ezgv9VOFCWUTOsKeoRENUXnZ8vI5uTLKkASxNBVpslR/b2Q0VGoW+mYypHqs1r2F+J/XS3Vw52U8SlKNEVs9FKSC6JgsYiBDLpFpMTOEMsnNrYSNqaRMm7BKJgR3/cubpF2tuDeV2kOtXG/kcRThAi7hGly4hTo0oAktYDCFZ3iFNyuzXqx362M1WrDynXP4A+vzBxawkgs=</latexit>

0  s  2

<latexit sha1_base64="AObdPvfMKQw6H/ezz9KPk08tFdA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUkUQCl56rGA/oF1KNs22oUl2SbJCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSUdHiSK0TSIeqV6ANeVM0rZhhtNerCgWAafdYHqf+d0nqjSL5KOZxdQXeCxZyAg2maTvvNthueJW3QXQOvFyUoEcrWH5azCKSCKoNIRjrfueGxs/xcowwum8NEg0jTGZ4jHtWyqxoNpPF7fO0YVVRiiMlC1p0EL9PZFiofVMBLZTYDPRq14m/uf1ExPe+CmTcWKoJMtFYcKRiVD2OBoxRYnhM0swUczeisgEK0yMjadkQ/BWX14nnauqV6/WHmqVRjOPowhncA6X4ME1NKAJLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fUtWNzA==</latexit>

s = 1 :

<latexit sha1_base64="sQ04ls86KJ3vfxfC3X1cqgvm2Yc=">AAACG3icbVDNSgMxGMzWv1r/Vj16CRahvZTdUtSLUPCyNyvYVui2JZumbWiSXZKsUJZ9Dy++ihcPingSPPg2pu0etHUgMMx8H19mgohRpR3n28qtrW9sbuW3Czu7e/sH9uFRS4WxxKSJQxbK+wApwqggTU01I/eRJIgHjLSDyfXMbz8QqWgo7vQ0Il2ORoIOKUbaSH276nOkxxixpJX2vKtG3y35N5yMUG9chr5fiKFPBfR6STXNjHLfLjoVZw64StyMFEGGRt/+9AchjjkRGjOkVMd1It1NkNQUM5IW/FiRCOEJGpGOoQJxorrJPFsKz4wygMNQmic0nKu/NxLElZrywEzOkqhlbyb+53ViPbzsJlREsSYCLw4NYwZ1CGdFwQGVBGs2NQRhSc1fIR4jibA2dRZMCe5y5FXSqlbc80rttlase1kdeXACTkEJuOAC1IEHGqAJMHgEz+AVvFlP1ov1bn0sRnNWtnMM/sD6+gH3oZ+B</latexit>

VH = P1(⌦
h)

u 2 H
2(⌦)
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Combine Cea’s Lemma with the accuracy of            estimate 
Types of Elements and Approximation Properties

<latexit sha1_base64="k58e6KSTn/Ez3+qzBVbF4m08Cd4=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh4LXnqzgv2Adi3ZNNuGJtk1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo9uZ3xpTpVkkH8wkpr7AA8lCRrCxkl/vjUrdO0EH+HF40SsU3bI7B1olXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4nea7iaYxJiM8oB1LJRZU++n86Ck6t0ofhZGyJQ2aq78nUiy0nojAdgpshnrZm4n/eZ3EhDd+ymScGCrJYlGYcGQiNEsA9ZmixPCJJZgoZm9FZIgVJsbmlLcheMsvr5LmZdm7KlfuK8VqLYsjB6dwBiXw4BqqUIM6NIDAEzzDK7w5Y+fFeXc+Fq1rTjZzAn/gfP4AzneRgQ==</latexit>

Pk(⌦
h)

Cea’s Lemma for               :
<latexit sha1_base64="nrlLGEnbMXnUXytFVMmvOixMMik="></latexit>

||u� uh||k  c1
c0

min
uh2Pk(⌦h)

||u� uh||k
<latexit sha1_base64="k58e6KSTn/Ez3+qzBVbF4m08Cd4=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh4LXnqzgv2Adi3ZNNuGJtk1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo9uZ3xpTpVkkH8wkpr7AA8lCRrCxkl/vjUrdO0EH+HF40SsU3bI7B1olXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4nea7iaYxJiM8oB1LJRZU++n86Ck6t0ofhZGyJQ2aq78nUiy0nojAdgpshnrZm4n/eZ3EhDd+ymScGCrJYlGYcGQiNEsA9ZmixPCJJZgoZm9FZIgVJsbmlLcheMsvr5LmZdm7KlfuK8VqLYsjB6dwBiXw4BqqUIM6NIDAEzzDK7w5Y+fFeXc+Fq1rTjZzAn/gfP4AzneRgQ==</latexit>

Pk(⌦
h)

<latexit sha1_base64="VMgfTQQeiZtLng1DyihIT8pPHps=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9gNQT0GvOQYwTwgWcLspDcZMvtwZjYQlvyJFw+KePVPvPk3TpI9aGJB00VVN9NTfiK40o7zbRW2tnd294r7pYPDo+MT+/SsreJUMmyxWMSy61OFgkfY0lwL7CYSaegL7PiT+4XfmaJUPI4e9SxBL6SjiAecUW2kgW07pC/wiRC16tWBXXYqzhJkk7g5KUOO5sD+6g9jloYYaSaoUj3XSbSXUak5Ezgv9VOFCWUTOsKeoRENUXnZ8vI5uTLKkASxNBVpslR/b2Q0VGoW+mYypHqs1r2F+J/XS3Vw52U8SlKNEVs9FKSC6JgsYiBDLpFpMTOEMsnNrYSNqaRMm7BKJgR3/cubpF2tuDeV2kOtXG/kcRThAi7hGly4hTo0oAktYDCFZ3iFNyuzXqx362M1WrDynXP4A+vzBxawkgs=</latexit>

0  s  2

<latexit sha1_base64="AObdPvfMKQw6H/ezz9KPk08tFdA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUkUQCl56rGA/oF1KNs22oUl2SbJCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSUdHiSK0TSIeqV6ANeVM0rZhhtNerCgWAafdYHqf+d0nqjSL5KOZxdQXeCxZyAg2maTvvNthueJW3QXQOvFyUoEcrWH5azCKSCKoNIRjrfueGxs/xcowwum8NEg0jTGZ4jHtWyqxoNpPF7fO0YVVRiiMlC1p0EL9PZFiofVMBLZTYDPRq14m/uf1ExPe+CmTcWKoJMtFYcKRiVD2OBoxRYnhM0swUczeisgEK0yMjadkQ/BWX14nnauqV6/WHmqVRjOPowhncA6X4ME1NKAJLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fUtWNzA==</latexit>

s = 1 :

<latexit sha1_base64="sQ04ls86KJ3vfxfC3X1cqgvm2Yc=">AAACG3icbVDNSgMxGMzWv1r/Vj16CRahvZTdUtSLUPCyNyvYVui2JZumbWiSXZKsUJZ9Dy++ihcPingSPPg2pu0etHUgMMx8H19mgohRpR3n28qtrW9sbuW3Czu7e/sH9uFRS4WxxKSJQxbK+wApwqggTU01I/eRJIgHjLSDyfXMbz8QqWgo7vQ0Il2ORoIOKUbaSH276nOkxxixpJX2vKtG3y35N5yMUG9chr5fiKFPBfR6STXNjHLfLjoVZw64StyMFEGGRt/+9AchjjkRGjOkVMd1It1NkNQUM5IW/FiRCOEJGpGOoQJxorrJPFsKz4wygMNQmic0nKu/NxLElZrywEzOkqhlbyb+53ViPbzsJlREsSYCLw4NYwZ1CGdFwQGVBGs2NQRhSc1fIR4jibA2dRZMCe5y5FXSqlbc80rttlase1kdeXACTkEJuOAC1IEHGqAJMHgEz+AVvFlP1ov1bn0sRnNWtnMM/sD6+gH3oZ+B</latexit>

VH = P1(⌦
h)

u 2 H
2(⌦)

Aubin-Nitsche duality argument:
 (Theorem 4.9) 35



Combine Cea’s Lemma with the accuracy of            estimate 
Types of Elements and Approximation Properties

<latexit sha1_base64="k58e6KSTn/Ez3+qzBVbF4m08Cd4=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh4LXnqzgv2Adi3ZNNuGJtk1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo9uZ3xpTpVkkH8wkpr7AA8lCRrCxkl/vjUrdO0EH+HF40SsU3bI7B1olXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4nea7iaYxJiM8oB1LJRZU++n86Ck6t0ofhZGyJQ2aq78nUiy0nojAdgpshnrZm4n/eZ3EhDd+ymScGCrJYlGYcGQiNEsA9ZmixPCJJZgoZm9FZIgVJsbmlLcheMsvr5LmZdm7KlfuK8VqLYsjB6dwBiXw4BqqUIM6NIDAEzzDK7w5Y+fFeXc+Fq1rTjZzAn/gfP4AzneRgQ==</latexit>

Pk(⌦
h)

Let’s verify that we get the expected accuracy in practice
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Combine Cea’s Lemma with the accuracy of            estimate 
Types of Elements and Approximation Properties

<latexit sha1_base64="k58e6KSTn/Ez3+qzBVbF4m08Cd4=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh4LXnqzgv2Adi3ZNNuGJtk1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo9uZ3xpTpVkkH8wkpr7AA8lCRrCxkl/vjUrdO0EH+HF40SsU3bI7B1olXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4nea7iaYxJiM8oB1LJRZU++n86Ck6t0ofhZGyJQ2aq78nUiy0nojAdgpshnrZm4n/eZ3EhDd+ymScGCrJYlGYcGQiNEsA9ZmixPCJJZgoZm9FZIgVJsbmlLcheMsvr5LmZdm7KlfuK8VqLYsjB6dwBiXw4BqqUIM6NIDAEzzDK7w5Y+fFeXc+Fq1rTjZzAn/gfP4AzneRgQ==</latexit>

Pk(⌦
h)

Let’s verify that we get the expected accuracy in practice
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Quadrilateral meshes on conforming polynomial spaces
Types of Elements and Approximation Properties

<latexit sha1_base64="Lt6IkXMXfFhnuLw8qR3Ovu1DpBA=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JriHok8cJNSOQjgZV0Sxca2u7adkkI4Xd48aAxXv0x3vw3FtiDgi+Z5OW9mczMC2LOtHHdbyezsbm1vZPdze3tHxwe5Y9PmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo7u53xpTpVkkH8wkpr7AA8lCRrCxkl/vecXuvaAD/Di87OULbsldAK0TLyUFSFHr5b+6/YgkgkpDONa647mx8adYGUY4neW6iaYxJiM8oB1LJRZU+9PF0TN0YZU+CiNlSxq0UH9PTLHQeiIC2ymwGepVby7+53USE976UybjxFBJlovChCMToXkCqM8UJYZPLMFEMXsrIkOsMDE2p5wNwVt9eZ00r0redalcLxcq1TSOLJzBORTBgxuoQBVq0AACT/AMr/DmjJ0X5935WLZmnHTmFP7A+fwBdduRSA==</latexit>

Q1(⌦
h)

<latexit sha1_base64="mYus+3UQCpeu5zGdjkc2S7sOGSg="></latexit>

�i(x, y) = ai + bix+ ciy + dixiyi2

664

1 x1 y1 x1y1
1 x2 y2 x2y2
1 x3 y3 x3y3
1 x4 y4 x4y4

3

775

2

664

a
b
c
d

3

775 =

2

664

1
0
0
0

3

775
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