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Outline

Discontinuous Galerkin Methods for Hyperbolic Problems
Case Study: Maxwell's as a Conservation Law
Evaluating Schemes for Advection
Developing DG
Fluxes and Stability
Implementation Concerns
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Outline
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300



Conservation laws

Goal: Solve conservation laws on bounded domain 2 C R"™:

Example: Maxwell's Equations

atD—VXH:—j, atB—i-V :0,

What do we do with the divergence constraints?

[ \Lj\f\om cAruW&t,\Le comshminl ¢ ]
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Rewriting Maxwell's
Let ¢ = (D«, Dy, D,, By, B, B,)". Consider D :@d B = ;f}l

0:D —V x H= -0, 0:B+V x E=0.

Assume €, p constant. Rewrite in conservation law form: g, + V- F(q) =0

N

\ y 2 C6h‘aUW11
~ O "Qﬁ —‘SJ
_ D Byfe o -
T\ V% %0
‘ \
Could we also define q = (Ex, E,, E;, Hx, H,, H,)T?
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Outline

Discontinuous Galerkin Methods for Hyperbolic Problems

Evaluating Schemes for Advection
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Solving g: + ag, = 0: Finite Differences

(AVAVE-~

® ”‘\r‘L Yo lwplm‘/
© H‘n)L ovthr

na cm@ﬁ/ ‘jw"”"y
® qu aunil ablg

D, +aD, =0

f(t+ At) — f(t)

D f =
t At

304



Solving g: + agx = 0: Finite Volume

ANV A

@ rask Lo o\w\\‘u,f,ul H‘W"I
r~ V\hKA‘ML {U" QD*\(‘&& jca‘v/'ﬂy
9] Q\{\“(;It h Ry

N

AxD G+ FFTH2— k12 = g

FKEL/2: flux “reconstructions’

305



Solving g: + agx = 0: Finite Elements

9.4+ 974 O

A

ng-L D -

@ igl -odw
9 (;9,6\/\-\—. b
® sdih |

QR 4%

o elliphe

© (\,\[,W,J, \w\pho M“Uﬂ)"(

/%\ / S[arLA lrn-\ C &

>

/ a6+ agNodx = 0

;6\//0\ "V)"Mi\' for ¢ in a test space.

" cadinnges Ol mlAL
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Do we really want high order?

50

40

30

201

—o— h-version (P=2)
p-version (K=20)
—o— p-version (K=10)

o

0
0

50 100 150 200
Integration time [wave periods]

250

Time to compute solution at 5%
error

Big assumption?

SN»OM«

Figure from talk by Jan Hesthaven
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Summarizing

Want flexibility of finite elements without the drawbacks.

n])dﬂvi\mlfh,\
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Outline

Discontinuous Galerkin Methods for Hyperbolic Problems

Developing DG
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Developing the Scheme

Enm

What do do about unbounded domains?

~ @ML ’ (,)t‘n’(’ﬁl.“\ WhL‘L(A (o\\?uﬂ“
- cAL;qavbl‘wa bCs
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Dealing with the Mesh, Part |
For each cell E, find a ref-to-global map Ty:

’ <

Tk

Ey

E
relovnence L;/oéLL

Tk . E — Ek
x=(x,y,z) = Ti(r,s, t) = T(r)
~ —_—
» T affine for straight-sided simplices: Ty(r) = Ar+b

» Curved elements also possible: iso/sub/super-parametric
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Dealing with the Mesh, Part ||

Based on knowledge of how to do this on E:

Can now integrate on £2:

olx
I o .
L %39" & Seb ) d
and differentiate on Q:
d df
o El_ &y
Jacobian of T,:l? ~ kﬂ{dmh\b &]ww.m/\o
d de [ d)!
e v gy o F(dy
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Dealing with the Mesh, Part IlI

Approximation basis set on E;?

ot( %)= P77 (R))

What function space do we get if ﬂTis non-affine?
(5

AppmxiMa“M el walfad,
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Going Galerkin

(G;

/ G564+ (V- F¥)gdx = 0 &
Ej

Integrate by parts:

N A}
——— Mess mabhy 15

—
0- q‘gwxvgy kug G-L ods,
Problem? Le/‘l‘.qoa( ol -QouL_,
(4% p.\! N )C'wl [~ ual\ns

bobl. sihes oF dhe el kfact

bads - ot\u]ouL/
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Strong-Form DG

Weak form:

o:/ gk pdx /Fk-V¢dx
E, Ex

Integrate by parts again:

ds,
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Outline

Discontinuous Galerkin Methods for Hyperbolic Problems

Fluxes and Stability
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Accuracy and Stabillity

In DG: what provides accuracy? what provides stability?

QOCB\Q./ Po\ylfg ’ PVOV:‘XP( qu,p.n\(,d
au\ | 5[0L)|h\,y

Following slides based on material by Tim Warburton
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Stability: Basic Setup (1/2)
0, \lqlﬁgo
¢ _ k .
0—/Ek atodx [

Ej OEx

-7l

9- 2 “’1 Cle,

‘f(q)’(a%(?‘()) . Choost ‘P=7k.
0 § ol e ~G_a%& Va, oy +Sd€(aq“§¥‘v“\)*qk0{§k
0- S OIeL "la.dx ~
y _,g 90 90’)‘“ *S (“Qua‘;‘)vum

Fk.V¢dx+/ (FX . )pdS, ag(qll

o0 au(Bgde +S (oade) s

g 40, 9('])“(" +S (“‘1«8! )

‘-(.’)

(} S‘tn‘q“f? t: :l

x

qs,
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Stability: Basic Setup (2/2)

Ocllqk3 g,

5 ’ =/ aCIkax%dX—/ (aqknx)*qidSx
Ek 8Ek

Cpad -~ Sop + 5, Pax
w&%%%pm

De,{

g, '
o q" S ~ (agun) 4. 45,

<o
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Stability: Going Global

4>

Oellaxlz.e, _/ a(qk)?nx
2 o 2

— (aqinx)* qidS«

1
Aladip £ gl
T e Pe «
- o (g\' W,
{,EQms g(. «T—;LL\,
< alg)w,
« T

assme d Sang .

by
t (aqon'y ¢ 48
' (";ade:s.J
'(‘/msswr)\'"\
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Gather up

8thk“%Q «9(67:)2"'+ *

- </f 5 X —(aqkﬂnqu;fdsx
. [ sons
X

2
D MSSM (VN ls (a\slﬁ ces

b /Uu]td«td\ C}Mt\m W?‘Va/

— (aqn o dS:) € 0

Z

D “‘T ¢ Z/ SMM - “ﬂa Y(“h

{e 33

M—W
¢ 0,

k/——\/_\/
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J 15,
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Picking a Flux
Want:

+ I
()= (an B %~ Gaaun)” ) (0~ a) £0
Ideas?
O"\L L{/\Q\Lt'|
. NN
(agon = on, Bt Lq'
C@,«[frf'& *flw

'3& ”‘1“ “'C“ﬂ, =0
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Picking a flux, attempt two

Want:
+

()= (an B %~ Gaaune)” ) (o - ai) < Oﬁ

More ideas?

v, Ay + 4 % - %%
CRUARLP 7 \”‘T

—0"‘-& (g - ”r‘f\'gdy'\(t\g




Compar

Central

1.25

ing Fluxes (1/3)

1
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x/2

Upwind penalizes jumps!

Upwind
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Figure from talk by Jan Hesthaven
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Comparing Fluxes (2/3)

6

max(I[u]l)

x 10"

ol 4||‘|.‘.|.||| ...|J1IJ¢M|||-..u,lﬂwml.

T - -
ol | Red: central uxes (alpha=
Blue: upwind uxes (alpha=

0 20 100

time

Figure from lecture by Tim Warburton
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