Riesz Theory (Part Il)

Theorem 8 (Riesz theory [kress, Thm. 3.4]) A compact. Then:
o (I — A) injective < (I — A) surjective
— It's either bijective or neither s nor i.
o If (I — A) is bijective, (I — A)~! is bounded.

Rephrase for solvability

Main impact?

Key shortcoming?
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Adjoint Operators AR

Definition 8 (Adjoint oeprator) A* called adjoint to A if

(Ax, y) = (x, A'y)

for all x,y.

Facts:

A* unique

A* exists

A* linear

A bounded = A* bounded
A compact = A* compact

[ What is the adjoint operator in finite dimensions? (in matrix representation)

, {Ax, )= o7 ax= (a0, A0= . ST >
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What do you expect to happen with integral operators? ( oL LZ)

Aﬁdjoint of the single-layer?
|
/Adjoint of the double-layer? ) (o,3) = 81,,} log | 227 \
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Fundamental Theorem of Linear Algebra
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6.5 A Tiny Bit of Spectral Theory



Spectral Theory: Terminology
A: X — X bounded, A\ is a ____ value:

Definition 9 (Eigenvalue) There exists an element ¢ € X, ¢ # 0 with Ap = \¢.

Definition 10 (Regular value) The ‘resolvent” (A — A)™! exists and is
bounded. ~

Can a value be regular and “eigen” at the same time? /\/ 2

p ' -
What's special about co-dim here? — Y"’)S’M fo N Fo ko
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Definition 11 (Resolvent set) p(A) := {\is regular}




Definition 12 (Spectrum) o(A) := C \ p(A)
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Spectral Theory of Compact Operators

Theorem 10 A: X — X compact linear operator, X co-dim.
Then: yu’”l“,y__ Mof,‘ TZ\M = /‘\')\', e > )IJ’_ $
e 0 o(A) (show! ) —? ©

e o(A)\ {0} is at most countable ~ AA= I v,
e o(A) has no accumulation point except for 0 < Cu,, 2, P”"—-/)
]

-\5) . ]
e o(A)\ {0} consists only of eigenvalues A exwiy £ 4, bog,

7.

Show first part.

Show second part. cf——?/ Cvedbol dn’t"hmﬁ\w_

/

Rephrase last two: hoy/many eigenvalues with | - | > R?
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Recap: What do compact operators do to high-frequency data?

Don't confuse | — A with A itself!
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7 Singular Integrals and Potential Theory



Recap: Layer potentials

r (.;(9(,)) ~ brewny f"m/lﬂ'w
fomwo Fn qu tog lx-5]

(5)0) = [ Glx = y)aly)ds
(S'0)(x) :=PV n-V, [ G(x—y)o(y)ds,
C c/‘&./)v-/7 /F

(Do)(x) = PV/rﬁ -V, G(x — y)o(y)ds,

(D'0)(x) := ko) VX/rh Y, G(x — y)o(y)ds,
Al favl

Definition 13 (Harmonic function) Au =0

Where are layer potentials harmonic? \
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On the double layer again

Is the double layer actually weakly singular?

Recap:
Definition 14 (Weakly singular kernel) e K defined, continuous every-
where except at x = y 145 o = y |
e There exist C >0, a € (0, n — 1] such that R °

K, y)| S Clx—y|*™™ (x,y €0Q, x#y)

n=2
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e Singularity with approach on y = O?/)\ Vo iy yu (.
e Singularity with approach on x = 07
So life is simultaneously worse and better than discussed.

How about 3D? (—x/|x|?)

Would like an analytical tool that requires ‘less’ fanciness.



Cauchy Principal Value

But | don't want to integrate across a singularity!

1
1
/ —dx?
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Principal Value in n dimensions

n
T
Integration Contour \le/

Again: Symmetry matters!
/

]
What about 71/en worse singularities? v/, ,h /;O,,J”
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Recap: Layer potentials

(50)(x) == / Glx — y)oly)ds,

(S'0)(x) =PV #-V, /r G(x —y)o(y)ds,

(Do)(x) = PV/rﬁ -V, G(x —y)o(y)ds,

(D'o)(x) :=f.p. h- VX/rﬁ -V, G(x —y)o(y)ds,

Important for us: Recover ‘average’ of interior and exterior limit without having to
refer to off-surface values.



Green’s Theorem

Theorem 11 (Green’s Theorem [Kress LIE Thm 6.3])

(7 @ /60 n-Vv)ds

(iﬂ /@ —vAu = 8D u(n Vv) —v(h-Vu)ds

If Av =0, then Vu=0
b (') 1¢d wu¥] Dv=o /ﬁ-Vv:? ~ O

oD

What if Av =0 and u = G(|y — x|) in Green's second identity?

G Jvoe=ab) _s(9.) - D()
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Green’s Formula

Theorem 12 (Green’s Formula [Kress LIE Thm 6.5]) If Au =0, then

(S(h-Vu)— Du)(x) = ¢ LI D

Suppose | know ‘Cauchy data’ (u|sp, - Vu|gp) of u. What can | do?

What if D is an Iexterior domain?
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