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A Matrix View of Low-Rank Interaction

Only parts of the matrix are low-rank! What does this look like from a matrix
perspective?




Block-separable matrices

How do we represent the low-rank structure of a matrix like this?

D1 A Az Au
Ay Do Ax Ax
A1 A D3 Az
An A Az Dy

A=

where Aj; has low-rank structure?
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Block-Separable Matrices

A block-separable matrix looks like this:

Dy PiApMy PiAsMs PAuf,
PoAnlly Dy PyAx3I3  PyAully
PsAsully PsAnll, Dy P3Aully
PAsy My PAgplly  PyAgslls Dy

Here:

74,-1- smaller than A;

D; has full rank (not necessarily diagonal)
P:; shared for entire row

[1; shared for entire column

Q: Why is it called that?




Engineering a cheap solve



Use the following notation:

0 PiAq, P1/:413 P1/:414
PyAx 0 PyAxs  PrAgs

B — : ) -

PsAsi P3Asz 0 P3Ag

PaAsr  PaAsy PiAs 0
and
D My
o D, . M
D = D, = M,

D, M,

Then A= D + BIl and

3Dx+ BT x
(58)(2)-(3) og= e

Q: What are the matrix sizes? The vector lengths of x and X?
(M : small x large)

is equivalent to Ax = b.
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Solving with Block-Separable Matrices

In order to get O(N) complexity, could we apply this procedure recursively?
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Figure credit: G. Martinsson, Boulder




Telescoping Factorization
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Figure credit: G. Martinsson, Boulder

[ Observations?




5 Outlook: Building a Fast PDE Solver



PDEs: Simple Ones First, More Complicated Ones La

//7

Laplace Helmholtz (OO,!JOM/ dV

Au=0 Au+ k?’u=20

e Steady-state ;u = 0 o Assumé time-

of wave propagation, moni ior
_ eilwtu(x in
time-d i wave

at) conduction
éctric potential u for

applied voltage equation:
e Minimal sur- ,
faces/ “soap films” ;i = Al

e Vu as velocity of in-

_ o Sion in T :
compressible flow Sign in U determines

direction of  wave:
Incoming/outgoing  if
hﬁmbl free-space problem
e Applications: Propaga-
A 1) tion of sound, electro-
magnetic waves






Fundamental Solutions e lev
Laplace Q (s P Helmholtz v

—Au=0 AU—I—kzl;l:d
NI,

n yase)f &

N Monopole
o=V
" @>>>>>
Dipole
\\\\/
\\\\\/////A Quadrupole

aka. Free space Green's Functions S 6 (51\9) ﬁ (\j) Av = Sal\A(HUk b ;L‘Q by

How do you assign a precise meaning to the statement with the J-function?




Why care about Green's functions?

What is a non-free-space Green's function? l.e. one for a specific domain?

Why not just use domain Green's functions?

What if we don't know a Green's function for our PDE... at all?




Fundamental solutions

Laplace
—L_log|x| 2D
6 = { 75 3
A7 |x|
2 6(x)

Helmholtz

i 1
) sHg(k[x]) 2D
G(X) { ée‘rx\rl 3D
£6()

Monopole

Dipole



Layer Potentials

(Si0)) 1= [ Glox = y)aly)ds
(S;0)(x) :==n- VXPV/r Gk(x — y)o(y)ds,

(Dyo)(x) :== PV/rn -V, Gi(x — y)o(y)ds,

(D,o)(x) :=n- fo.p./rn -V, Gi(x — y)o(y)ds,

e G is the Helmholtz kernel (k = 0 — Laplace)
e Operators—map function o on I to...

— ...function on R”

— ...function on T (in particular)

e Alternate (“standard”) nomenclature:



Ours | Theirs
S|V
D| K
S K
D'| T

e S” (and higher) analogously

e Called /ayer potentials:
— S is called the single-layer potential
— D is called the double-layer potential

e (Show pictures using pytential/examples/layerpot.py, observe continuity
properties.)



How does this actually solve a PDE?

Solve a (interior Laplace Dirichlet) BVP, 02 =T
Au=0 inQ, U|r:f‘r.

1. Pick representation:

u(x) := (So)(x)

2. Take (interior) limit onto I':

U|r = So
3. Enforce BC:

U|r =f
4. Solve resulting linear system:

So=f

(quickly—using the methods we've developed: It is precisely of the form that suits
our fast algorithms!)

5. Obtain PDE solution in €2 by evaluating representation



