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If Au=0, u(x) =/ u(y)dy =/ u(y)dy
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Maximum Principle

Theorem (Maximum Principle [Kress LIE 2nd ed. 6.9])

If Au =0 on compact set Q:
u attains its maximum on the boundary.

Suppose it were to attain its maximum somewhere inside an open set. ..

ol conbadick he wem vailue i,

What do our constructed harmonic functions (layer potentials) do there?
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/ - Loylx-
Sp00= Jo 2L oty

MK
; A
T
" r
-



Jump Relations: Mathematical Statement )4 (g < 4 (/) O

Let [X] = X4 — X_. (Normal points towards “+"="exterior”.

Theorem (Jump Relations [Kress LIE 2nd ed. Thm. 6.14, 6.17,6.18])

[So] = 0

lim (5'9) = <5’ - ;/> (@)0) =  [So]=—o

lim (Do) = <D + ;/> Gita) = D] e
hypnstplat =277

Truth in advertising: Assumptions on I'?
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Jump Relations: Proof Sketch for SLP

Sketch the proof for the single layer.
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Jump\ReIations: Proof Sketch for DLP e

Sketch proof for the double layer. f‘(‘
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Green’s Formula at Infinity: Motivation

/

Q C R" bounded, C!, connected boundary, Au=0in R"\ Q, u@

(Soa(A - Vu) — Daqu)(x) ¥ (Sos, (A Vu) — Dag,u)(x) = u(x) «—
\___\/_\/

for x between 0 and B(x, r). Uos

Behavior of individual terms? (’LD
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Green’s Formula at Infinity: Statement

u bounded, harmonic in R\ Q

Theorem (Green's Formula in the exterior [Kress LIE 3rd ed. Thm 6.11])

(Soa(Ai- Vu) — Dyqu)(x) + PVus = u(x)
for some constant us,. Only for n = 2,

1

o = —— ds, .
0= onr uly)dsy

yl=r

Realize the power of this statement:

w, Qu on dll an potetly subhiinl by R,;ex%ll«\




Green's Formula at Infinity: Impact

Can we use this to bound v as x — oo?
Consider the behavior of the fundamental solution as r — oo.

n /)(/: U ¥ O/’}X;)

How about u’s derivatives?
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Outline

Boundary Value Problems
Laplace
Helmholtz
Calderén identities



Boundary Value Problems: Overview

Aka (A:"

Dirichlet Neumann
Int. | limy_a0_u(x)=g limy_90- A-Vu(x)=g

@ unique O may differ by constant
Ext. | limy_go+ u(x) =g limy_ a0+ A-Vu(x) =g

(1) 2D u(x) = o(1) as |x| = o0
ulx) = { (1) 3D 3 [l = o0 @ unique
@ unique

with g € C(09Q).
What does f(x) = O(1) mean? (and f(x) = 0(1)7)
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Uniqueness Proofs

V=0 ver D
Dirichlet uniqueness: why?

~
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Neumann uniqueness: why?

Suppose yaw [wie &'tu’~u1 . S ose X 5 ol &
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Uniqueness: Remaining Points

Truth in advertising: Missing assumptions on Q7

What's a DtN map?

.

Next mission: Find IE representations for each.



