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Projection Method

X Banach space, U C X nontrivial subspace, A: X — Y injective,
XpCX,Y,CY,dimX,=n dmY,=n, P,:7 =7
» P is a projection & P|y=Id & P> =P
> [Pl >1 A, f
» Orthogonal projectors: [|P|| =1 i
>

Interpolators (“collocation projection”): Also projections

» Projection method: P"Azib" = Ppf (#) ~ ¥, - (ﬂ A}"ﬂ,ﬂ "
Define convergence: I\ S

e. ¢l 0] hf)h‘q‘QCt/\/
V><f . 7\7”“, 0, ( u :5(; /f_//

n~> 60)




Assumptions on the Approximation Spaces

What's needed of X, so that it can even approximate the solution?

Demserness ‘

YEX



Error Estimates for Projection

X Banach space, A: X — X injective, P, : Y = Y,

Theorem (Céa’s Lemma [Kress LIE 2nd ed. Thm 13.6])

Convergence of the projection metho@ >
There exist ng and M such that for n > ng

1. P,A: X, — Y, are invertible,

2. |[(P,A)"LP,A|| < M. (Uniform Boundedness, Stability)
- @ @ @
In this case,

19 = | < (1 + M) inf ¢ =¥l



Céa's Lemma: Proof

Proof?

PEVE (YL
e 1 (@,4)70 4 -T)Y = 0
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Core message of the theorem?




Céa's Lemma: Remarks (1/2)

Note domain of invertibility for P,A.

%,

Domain/range of (P,A)~"1P,A?

Dawain: X
(e i (RA)'AA X




Céa's Lemma: Remarks (2/2)
0 Av 0]

Relationship to conditioning? A (Af U)VL “&E

0.A)'P,4) < U(KA)F'// [0.A] = condu

Relationship to second-kind?

A= (k)




Perturbations of Projection Methods

» A: X — X bounded linear operator

» with bounded inverse

» Projection method convergent for A (Céa) &

» B : X — X bounded linear ‘perturbation’ operator

Theorem (Perturbations of projection methods (kress LiE 2nd ed. Thm 13.77)

If

» (PnB|x,|| 3> 0 (n—0), or
» B compact and A+ B has no nullspace
then the projection method still converges for A+ B.

What is the compact perturbation B?
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Perturbation of Projections: Proof (1/2)

Prove part 2. /<‘( I“’@] =AY
I+ A"} & ﬂiase/gnvfl\o/m.; bors /'wwse,
Av’lobw\t(oﬂ( I{I@,ﬁ"ﬁ/ék
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Perturbation of Projections: Proof (2/2)

‘Discrete inverse’ exists: [/ + (P,A)"1PnB]L.
Set S:= A+ B. Then

PnS = PoA[l + (PaA) ' PpB)

"\
is also invertible. ’ p"‘(A“S)
(PaS)1P,S = [I + (P,A) L PnB]"Y(P,A) I P,A(l + A71B)
S~—
So (o) 0.

|(PaS) M PuS|| < || + (PaA) *PnB] M| M|+ A7 B,
i.e. S has the stability property.



