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How do we construct the LRA basis?

Put randomness to work:
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Tweaking the Range Finder (I)
Can we accelerate convergence?
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Tweaking the Range Finder (II)

What is one possible issue with the power method?
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Even Faster Matvecs for Range Finding

Assumptions on Ω are pretty weak–can use more or less anything we want.
→ Make it so that we can apply the matvec AΩ in O(n2 log ℓ) time.
How? Pick Ω as a carefully-chosen subsampling of the Fourier transform.
(many other approaches also exist)
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Outline
Introduction

Dense Matrices and Computation

Tools for Low-Rank Linear Algebra
Low-Rank Approximation: Basics
Low-Rank Approximation: Error Control
Reducing Complexity

Rank and Smoothness

Near and Far: Separating out High-Rank Interactions

Outlook: Building a Fast PDE Solver

Going Infinite: Integral Operators and Functional Analysis

Singular Integrals and Potential Theory

Boundary Value Problems

Back from Infinity: Discretization

Computing Integrals: Approaches to Quadrature

Going General: More PDEs
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Errors in Random Approximations
If we use the randomized range finder, how close do we get to the optimal
answer?

Theorem (Halko/Tropp/Martinsson ‘10, (1.9))

For an m × n matrix A, a target rank k ⩾ 2 and an oversampling
parameter p ⩾ 2 with k + p ⩽ min(m, n), with probability 1 − 6 · p−p,⃓⃓⃓

A− QQTA
⃓⃓⃓
2 ⩽

(︂
1 + 11

√︁
k + p

√︁
min(m, n)

)︂
σk+1.

(given a few more very mild assumptions on p)

What’s the role of the oversampling parameter p?
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HTM Proof Sketch: Rotate into singular-vector coordinates

Write the SVD and split after the first k singular directions.
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HTM Proof Sketch: Isolating the Tail
Let PY = QQT . Theorem 8.1 in [HTM ‘10] gives (X+: pseudoinv.)

Since ∥Σ2∥ = σk+1, using
√
a2 + b2 ≤ a+ b,

What do the factors capture?
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HTM Proof Sketch: Gaussian pseudoinverse bounds

Ω1 is a wide k × (k + p) Gaussian matrix. For t ≥ 1, except with
probability at most 5t−p,

∥Ω+
1 ∥F ≤ t

√︄
12k
p
, ∥Ω+

1 ∥ ≤ t
e
√
k + p

p + 1
.
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HTM Proof Sketch: Gaussian Concentration

Let G be a standard Gaussian matrix, and let f be L-Lipschitz with respect
to the Frobenius norm:

|f (X )− f (Y )| ≤ L∥X − Y ∥F .

Then, for every u ≥ 0,

[HTM Prop. 10.3]
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HTM Proof Sketch: Condition on the Leading Block

Fix Ω1 and regard only Ω2 as random. Define

h(X ) = ∥Σ2XΩ+
1 ∥.

A Gaussian product estimate yields

Eh(Ω2) ≤ ∥Σ2∥ ∥Ω+
1 ∥F + ∥Σ2∥F ∥Ω+

1 ∥.

Meanwhile,

|h(X )− h(Z )| ≤ ∥Σ2∥ ∥Ω+
1 ∥⏞ ⏟⏟ ⏞

L

∥X − Z∥F .

So h is Lipschitz, with an explicit constant L.
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HTM Proof Sketch: A WIP Estimate
Gaussian concentration says h(Ω2) ≤ Eh(Ω2) + uL except with probability
e−u2/2.

Combine with the pseudoinverse bounds:

∥(I − PY )A∥ ≤

(︄
1 + t

√︄
12k
p

)︄
σk+1

+ t
e
√
k + p

p + 1

⎛⎝∑︂
j>k

σ2
j

⎞⎠1/2

+ ut
e
√
k + p

p + 1
σk+1.

Failure probability: 5t−p + e−u2/2.
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A-posteriori and Adaptivity
The HTM bound is a-priori. Once we’re done, can we find out ‘how well it
turned out’?
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