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Barnes-Hut: Next Revised Cost Estimate

Summarize the algorithm (so far) and the associated cost.
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Barnes-Hut: Putting Multipole Expansions to Work

(Figure following G. Martinsson)

How could this process be sped up?
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Barnes-Hut: Clumps of Boxes?

Observation: The amount of work does not really decrease as we go up the
tree: Fewer boxes, but more particles in each of them.
But we already compute multipoles to summarize lower-level boxes. . .
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Barnes-Hut: Putting Multipole Expansions to Work
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(Figure following G. Martinsson)

To get a new ‘big" multipole from a ‘small’ multipole, we need a new
mathematical tool.
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Barnes-Hut: Translations
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Cost of Multi-Level Barnes-Hut I; {
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Cost of Multi-Level Barnes-Hut: Observations

Observation: Multipole evaluation remains as the single most costly bit of
this algorithm. Fix?

|dea: Exploit the tree structure also in performing this step.
If ‘upward’ translation of multipoles helped earlier, maybe ‘downward’
translation of local expansions can help now.
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Outline

Near and Far: Separating out High-Rank Interactions

Fast Mutipole
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Using Multipole-to-Local

(Figure following G. Martinsson)

Come up with an algorithm that computes the interaction in the figure.
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Using Multipole-to-Local

Come up with an algorithm that computes the interaction in the figure.
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Using Multipole-to-Local: Next Level é[
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(Figure following G. Martinsson)

Assuming we retain information from the previous level, how can
a valid local expansion on the target box?

we obtain
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Using Multipole-to-Local: Next Level

Assuming we retain information from the previous level, how can we obtain
a valid local expansion on the target box?
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Define ‘Interaction List’

For a box b, the interaction list I, consists of all boxes b’ so that
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Provide an upper bound on the number of elements of /.
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The Fast Multipole Method (‘FMM")

Upward pass Downward pass

1 Build tree 1. Loop over levels ¢ =2,3,..., L —1:

1.1 Loop over boxes b on level £ :
1.1.1 Add contrib from /I, to
3. Compute lowest-level multipoles local expansion by

from sources mp — loc
1.1.2 Add contrib from parent to
local exp by loc — loc

2. Compute interaction lists

4. Loop over levels ¢ =L —1,...,2:

4.1 Compute multipoles at level ¢

2. Evaluate local expansion and direct
by mp — mp

contrib from 9 neighbors.
Overall algorithm: Now O(N) complexity.

Note: L levels, numbered O,...,L — 1. Loop indices above inclusive.
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