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Using Multipole-to-Local

(Figure following G. Martinsson)

Come up with an algorithm that computes the interaction in the figure.
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Using Multipole-to-Local: Next Level

(Figure following G. Martinsson)

Assuming we retain information from the previous level, how can we obtain
a valid local expansion on the target box?
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Define ‘Interaction List’

For a box b, the interaction list Ib consists of all boxes b′ so that

Provide an upper bound on the number of elements of Ib.
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The Fast Multipole Method (‘FMM’)

Upward pass

1. Build tree

2. Compute interaction lists

3. Compute lowest-level multipoles
from sources

4. Loop over levels ℓ = L− 1, . . . , 2:

4.1 Compute multipoles at level ℓ
by mp → mp

Downward pass

1. Loop over levels ℓ = 2, 3, . . . , L− 1:

1.1 Loop over boxes b on level ℓ :
1.1.1 Add contrib from Ib to

local expansion by
mp → loc

1.1.2 Add contrib from parent to
local exp by loc → loc

2. Evaluate local expansion and direct
contrib from 9 neighbors.

Overall algorithm: Now O(N) complexity.

Note: L levels, numbered 0, . . . , L− 1. Loop indices above inclusive.
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What about adaptivity?

Figure credit: Carrier et al. (‘88)

Recall target
convergence factor of√

2/3!
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Adaptivity: Solution676 J. CARRIER, L. GREENGARD, AND V. ROKHLIN

FG. 5. Box (b) and the associated Lists 1-5.

b will denote the p-term local expansion about the center of box b of the field
created by all particles located outside T(Ub)LJ T(Wb). b(r) is the result of the
evaluation of the expansion b at a particle r in T(b).

Ib will denote the local expansion about the center of b of the field due to all
particles in T(Vb).

Ab will denote the local expansion about the center of b representing the field
due to all charges located in T(Xb).

ab(r) will denote the field at r T(b) due to all particles in T(Ub).
fib(r) will denote the field at r T(b) due to all particles in T(Wb).

3.3. Informal description of the algorithm. The algorithm can be viewed as a
recursive process of subdividing the computational cell into increasingly finer meshes
(see Figs. 2-3). For a fixed box b at level l, the computational cell is partitioned into
five subsets, Ub, Vb, Wb, Xb, and Yb, and the following procedure is applied to the
sets of particles T(Ub), T(Vb), T(Wb), T(Xb), and T(Yb).

(1) For each childless box b we combine the particles in T(b) by means of
Theorem 2.1 to form a multipole expansion b. For each parent box B we use Lemma
2.2 to merge the multipole expansions of its children bl, b2, b3, b4 into the expansion

(2) The interactions between particles in T(b) and T(Ub) are computed directly.
For each particle r T(b), the result of these calculations is ab(r).

(3) We use Lemma 2.3 to convert the multipole expansion of each box in Vb into
a local expansion about the center of b, and add the resulting expansions to obtain Fb.

(4) For every particle r in b, we compute the field b(r) due to all particles in
T(Wb) by evaluating the p-term multipole expansions w of each box w in Wb at r,
and adding them up.

(5) We convert the field of each particle in T(Xb) into a local expansion about
the center of box b (see Remark 2.1), and add up the resulting expansions to obtain

(6) We shift the center of the local expansion Fn of b’s parent B to the centers
of b and the other children of B by means of Lemma 2.4. We add the local expansion
obtained to Fb.

(7) For each box b, we evaluate the sum of the local expansions Fb and Ab at
every particle r in b and add the result to Otb(r and fib(r) obtaining the field at r.
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Figure credit: Carrier et al. (‘88)
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Adaptivity: what changes?
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FMM: List of Interaction Lists

Make a list of cases:
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FMM: An Alternate Reality

Can we do without multipole and local expansions?

What would be the downside here?
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Anterpolation
WLOG: 1D. Assume K smooth, (yj)Nj=1 ⊂ [−1, 1]. Let
u(x) =

∑︁N
j=1 ρjK (x − yj). Assume N large. How can we use interpolation

to compress?

How about that smoothness assumption?

Demo: Anterpolation
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