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Convergence
Name some ways in which a sequence can ‘converge'.

X, 23X |y, x> O
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Operators " soruobld (G“““)L XX 9 )Of*n) ")06‘/

X, Y: Banach spaces, A: X — Y linear operator

Definition (Operator norm)
IA]l = sup{||Ax]| : x € X, [|x]| = 1} DA < 1Ak

||Al| bounded < A continuous

\s “A“ Ce

d\“J(llrllcsl"‘ /

» What does ‘linear’ mean here?
> |s there a notion of ‘continuous at x’ for linear operators?
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Operators: Examples

Which of these is bounded as an operator on functions on the real line?
» Multiplication by a scalar 3
> “Left shift” Y
» Fourier transform
» Differentiation J:\\'
> Integration Y
> Integral operators 2
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Integral Equations: Zoology

Volterra Fredholm
I kO y)f(y)dy = g(x) [ k(x,y)f(y)dy = g(x)

First kind / Second Kind
Jo k(. y)f(y)dy = g(x\_f(x) + [¢ k(x,)f(y)dy = g(¥)

Questions:
woed; smofhics; ofk

» First row: First or second kind?

» Second row: Volterra or Fredholm? N

» Matrix (i.e. finite-dimensional) analogs? Sq k(*'ﬁ)#‘,/dj
» What can happen in 2D/3D? =
>
>

Factor allowable in front of the identity?

Why even talk about ‘second-kind operators’'?
» Throw a +J(x — y) into the kernel, back to looking like first kind. So?
» s the identity in (/ + K) crucial?
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Integral Operators: Boundedness (=Continuity)

Theorem (Continuous kernel = bounded)

G C R” closed, bounded (“‘compact”), K € C(G?). Let
(A0)() = [ K(xy)oly)dy.

Then
[|Alloo = maX/ |K(x,y)ldy.
x€G Jg
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Solving Integral Equations

Given

(Ad)(x) == /G K(x, y)o(y)dy.

are we allowed to ask for a solution of

(Id—A)p = g7

© A’Qmwmh sones
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Attempt 1. The Neumann series

Want to solve

p—Ap=(I-Ap=g.
Formally: >
p=(-Atg. T -1 -"’Coc/"

- "
What does that remind you of? 9
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Attempt 1: The Neumann series (II)

Theorem

A: X — X Banach, |

I( =AY~ < 1/ = J|AID.

\- 4) v —ﬁ
» How does this rely on completeness/Banach-ness?
> There's an iterative procedure hidden in this. X,<O
(Called Picard Iteration. Cf: Picard-Lindelof theorem.)
Hint: How would you compute > | AKf? St # f/] Ke
Q: Why does this fall short?

T’/\c I’W{”'lul}' Coe S Je'b\ak
have (A ¢ .

)| — At =" A with
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Outline

Going Infinite: Integral Operators and Functional Analysis

Compactness
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Compact Sets

Definition (Precompact/Relatively compact/Sequentially compact)

M C Xprecompact:< all sequences (xx) C M contain a subsequence
converging in' X

Definition (Compact/‘Sequentially complete’)

M C Xccompact:< all sequences (xx) C M contain a subsequence
converging in M

» Precompact = bounded
» Precompact < bounded (finite dim. only!)
> Question: Is a set consisting of two elements precompact?

Theorem (Finite subcover)

M C X compact < For all covers C with M = s S consisting of open
sets S C X, there exists a finite subcover F C C so that M = Jg.g S.
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Compact Sets (Il)
)
&

Counterexample to ‘precompact jé bounded’? (oo dim)

Laale v a bownded set of S*eyaou(fg’
| Xl €/
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s, )

i
210



Compact Operators

X, Y: Banach spaces T 9 lool/\ h ;,le

Definition (Compact operator)

T : X — Y is compact :< T(bounded set) is precompact.

Theorem

» 7.5 compact = T + 3S compact
> One of T.S compact = So T compact

» T, all compact, T,, — T in operator norm = T compact

Questions:

» Let dimT(X) < co. Is T compact? Cs - 7_7 P
> Is the identity operator compact?

5 Tee))
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