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Compact Sets

Definition (Precompact/Relatively compact/Sequentially compact)

M C X precompact:< all sequences (xx) C M contain a subsequence
converging in X

Definition (Compact/‘Sequentially complete’)

M C X compact:< all sequences (xx) C M contain a subsequence
converging in M

» Precompact = bounded
» Precompact < bounded (finite dim. only!)
> Question: Is a set consisting of two elements precompact?

Theorem (Finite subcover)

M C X compact < For all covers C with M = s S consisting of open
sets S C X, there exists a finite subcover F C C so that M = Jg.g S.
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Compact Operators
X, Y: Banach spaces . TIS : bounded

Definition (Compact operator)

T : X — Y is compact :< T(bounded set) is precompact.

» T,S compact = T + S compact
» One of T,S compact = So T compact

» T, all compact, T,, — T in operator norm = T compact

Questions: i Ty\ -7 [[ >0
» Let dimT(X) < o0. Is T compact?
> Is the identity operator compact?
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Intuition about Compact Operators

v

Compact operator: As finite-dimensional as you're going to get in
infinite dimensions.

Not clear yet-but they are moral (co-dim) equivalent of a matrix
having low numerical rank.

Are compact operators continuous (=bounded)?
What do they do to high-frequency data?
What do they do to low-frequency data?
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Arzela-Ascoli /‘\o

Lat G € R" be compact.

Theorem (Aizeld Ascoli [Kress LIE 3rd ed. Thm. 1.18])

U c C(G) is precompact iff it is bounded and equicontinuous.

Equicontinuous means

Tor ol €29 thovt exishs a I >0 sl Tor ol f@(AI
1230~ 200 - Y3 <c

Continuous means:

Torall €29 fhovt e¥ls a & 50 sl
1231cs~  21)@- Y3 <¢
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Arzela-Ascoli: Proof Sketch for b A e = precompact
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