




PDEs: Simple Ones First, More Complicated Ones Later

Laplace

△u = 0
Applications:
▶ Steady-state ∂tu = 0 of wave

propagation, heat conduction
▶ Electric potential u for applied

voltage
▶ Minimal surfaces/“soap films”
▶ ∇u as velocity of

incompressible/potential flow

Helmholtz

△u + k2u = 0
Assume time-harmonic behavior
ũ = e±iωtu(x) in time-domain wave
equation:

∂2
t ũ = △ũ

Applications:
▶ Propagation of sound
▶ Electromagnetic waves

168





Fundamental Solutions
Laplace Helmholtz
−△u = δ △u + k2u = δ

aka. Free space Green’s Functions
How do you assign a precise meaning to the statement with the δ-function?
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Green’s Functions

Why care about Green’s functions?

What is a non-free-space Green’s function? I.e. one for a specific domain?
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Green’s Functions (II)

Why not just use domain Green’s functions?

What if we don’t know a Green’s function for our PDE. . . at all?
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Fundamental Solutions

Laplace Helmholtz
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Layer Potentials (I)
Let Gk be the Helmholtz kernel (k = 0 → Laplace).

These operators map function σ on Γ to. . .
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Layer Potentials (II)
Called layer potentials:
▶ S is called the single-layer potential
▶ D is called the double-layer potential
▶ S ′′ (and higher) analogously

(Show pictures using pytential/examples/layerpot.py, observe
continuity properties.)
Alternate (“standard”) nomenclature:
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How does this actually solve a PDE?

Solve a (interior Laplace Dirichlet) BVP, ∂Ω = Γ

△u = 0 in Ω, u|Γ = f |Γ.
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IE BVP Solve: Observations (I)

Observations:
▶ One can choose representations relatively freely. Only constraints:

▶ Can I get to the solution with this representation?
I.e. is the solution I’m looking for represented?

▶ Is the resulting integral equation solvable?

Q: How would we know?
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