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PDEs: Simple Ones First, More Complicated Ones Later

d
=Y s
Laplace S l L_U\' o
Au=0
Applications:

> Steady—sta@ 0 of wave
propagation, conduction

» Electric potential u for applied
voltage

» Minimal surfaces/"soap films"

» Vu as velocity of
incompressible/potential flow

()= i &

- ‘/qk'. we,

HelmV(tz
Au+ K2u ¢
Assume timeéskdrmonic békavior

i = e*“ty(x) in time-domai

u(w:ﬂe.
equation:

Applications:
» Propagation of sound

» Electromagnetic waves
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aka. Free space Green's Functions
How do you assign a precise meaning to the statement with the d-function?

[ N u\(}.[\_n '. «M\QHP‘\@ by {es} fuuc @CM.' m@;mlt
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Green's Functions AW'O < Lﬁp/acc
/\ v\:{ — Poiseo

Why care about Green's functions?

o) - (GxYE S 6lmy) £G) Ny
(x\AS(,(y Dly) Ay = Swf( Johy = ply

k'\]

What is a non-free-space Green's function? l.e. one for a specific domain?

KT w7 9] FTT7G o AT

u\*@ (-1 3-2
" Aoy i Gf“%'ﬁ‘[v\hchd—" ‘[\B'()
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Green's Functions (II)

Why not just use domain Green's functions?

dM\.b\ b( - 9PLQHI,(' L\ﬂlfﬂ( VLOé-,‘J/

What if we don't know a Green's function for our PDE. .. at all?

’ QO“M hse chulsgb\m( &1, Ohlp vﬂh

0\15“60 -—aritw b of e POCE,

171



Fundamental Solutions

Laplace Helmholtz ( “:'iu./ £ e?olsl’ lid
1 jog|x| 2DE (FE(K|x])H2D
G(x) = {127r1 G(x) = 1%
0 0

X X
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Layer Potentials (1) (i sl i aAn<0 oo 12
Let Gk be the Helmholtz kernel (k = 0 — Laplace). w3 o aBL @

(SO') (x = S G, Xﬁ) c(«)]dg 5!’7/0 ﬁawv
(vel') (SO’)() 'V)S G(Xﬂ c(»)]dg

(Dbf”) (" = S ~:,) a(?) dS,
(0] &4 =93 r:ahgu(x“j) oly) dS

These operators map function o on I to. ..

(M(F\OM ol face (m(w(“‘ ))
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Layer Potentials (1)
Called layer potentials:
» S is called the single-layer potential
» D is called the double-layer potential
» S” (and higher) analogously

(Show pictures using pytential/examples/layerpot.py, observe
continuity properties.)

Alternate (“standard”) nomenclature:

Quis \. [heors
S vl

L Y
1

7~

Dl
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How does this actually solve a PDE?

Solve a (interior Laplace Dirichlet) BVP, 0Q =T

Au=20 inQ, u’r:f|r.

M(X S o'(x) wrt an waldow o o

Tobe Wb, Qink: @ (-~ €W

5,6y oqlds - Py (x e )
R_J/_) 7

\ i
di gtﬂ“{j g .. F_
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IE BVP Solve: Observations (1)

Observations:

» One can choose representations relatively freely. Only constraints:

» Can | get to the solution with this representation?
l.e. is the solution I'm looking for represented?
» s the resulting integral equation solvable?

Q: How would we know?
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