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Spectral Theory: Terminology
A: X — X bounded, \is a ... value:

Definition (Eigenvalue)

There exists an element ¢ € X, ¢ #£ 0 wi

@ ¢ A/(/(r_,q)
Definition (Regular value)

Can a value be regutar-amd "eigen” at the same time?

| “‘* |

What's special about co-dim here?

ts and is bounded.

A el pelte t"% hov r(yufﬂ/ ]
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Resolvent Set and Spectrum

Definition (Resolvent set)

p(A) = isreglart —F € & (M- enrel 5

Definition (Spectrum)

cC & (K14 “g\o, wind)
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| Th f '
Spectral Theory of Compact Operato;e%{kf oo W wcq
G e’ (e’

e

A

Theorem

A: X — X compact linear operator, X oco-dim.
Then:

0 € o(A)
> o {0} consists only of eigenvalues

» o(A)\ {0} is at most countable

» o(A) has no accumulation point except for 0




Spectral Theory of Compact Operators: Proofs
€1'7¢H~ Ax ..-/l Y 6(7(0/

Show the first part. OQ (v g (A)

oy

@0 {5 ok art,ullov e, &) A "' does wof exih o 540l
Su ppose A exished ond s bowded | T=AA" compel
Show second part. !01\\0&(1’ Londhed

odint

b Aeo(A) @ (AT-A)" does whb eisk  and i» noF bonds
AT-A 4wl L/je(ﬁ/"

(A= Ae)-D ‘a
Je: ()‘P M ao/{ n)ula'(r/( wl surjediv
&9 G e, @ s Wallspuce Qe
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Cslow 4 imjechve &) /VM}"Zof ( A Lie. v)
"D Vx,xy ; 4¥=Ay = ¥=y
()@ Vxty: A m;’}
4/*"7)*0 <> x-9 =0
Nt 420 =7 3.0
D M-



Spectral Theory of Compact Operators: Implications

Rephrase last two: how many eigenvalues with |- | > R?

ﬁ'wuluLLy aw v/
1 /4

Recap: What do compact ope(ators do to high-frequency data?

Sqnisl,

I
Don't confu@ —@it@tself!
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Outline

Singular Integrals and Potential Theory
Singular Integrals
Green's Formula and Its Consequences
Jump Relations
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Outline

Singular Integrals and Potential Theory
Singular Integrals

225



Recap: Layer potentials

(So)(x) : /G x —y)o(y)ds, O
(8'@)(x) =PV h - VX/ G(x —y)o(y)ds, m
r -

(Da)(x) = PV/r i-V,G(x—y)o(y)ds,
e, D G=d

(Do) (x) — s ﬁ-VX/rﬁ-VyG(x— y)o(

Definition (Harmonic function)

Au=0 (q“ i(/
. . {
monic? T - ] !
Where are layer potentials harmonic? & > Qe / - l’/‘

[ O‘\"‘WJ CM O ] 226
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On the double layer again
/\ (5{,,/&(()

Is the double layer actually weakly singular? Recap:

Definition (Weakly singular kernel)

» K defined, continuous everywhere except at x = y
» There exist C > 0, a € (0, n — 1] such that

Ky < Clx =y D (xiy €00, x )

[,

I
weahly sioglo > Acomu
1
4

(21)
0.999 fs%

L wb
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Actual Singularity in the Double Layer (2D)

0 X
) _ AN
5, o810 —x) = 57

» Singularity with approach on y = 07
» Singularity with approach on x = 07

(LD Qn [v i

fhe Jonl,/c R ver has a femot/aé
e/’~7ml’m'/7 J

e
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Cauchy Principal Value

But | don't want to integrate across a singularity! — punch it out.

Problem: Make sure that what's left over is well-defined

1
1
/ —dx?
1 X

PV§ /dx’_flug ;Lolx fSlah(

0 =

dellwo( vin  <ancell apm of é/FW-mf:,
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Principal Value in n dimensions

Y
n
I S
Integration Contour Le
- X

Again: Symmetry matters!

.

s P he 2 nle .

What about even worse singularities?

.

230



Recap: Layer potentials

(50)() = [ 6x = y)aty)ds,

(S'0)(x) == PV A V, /r G(x - y)oly)ds,

(Do)(x) = PV/ i-V,G(x—y)o(y)ds,
r

(D'o)(x):=f.p. A- Vi /r i-V,G(x—y)o(y)ds,

Important for us: Recover ‘average’ of interior and exterior limit without
having to refer to off-surface values. (
to b@. 5[&‘9\“.,
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Outline

Singular Integrals and Potential Theory

Green's Formula and Its Consequences
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Green's Theorem
Q bounded

Theorem (Green's Theorem [Kress LIE 2nd ed. Thm 6.3])

/uAv—i—Vu-Vv:/ u(i-Vv)ds

Q o2
/uAv—vAu:/ u(A-Vv)—v(i-Vu)ds
Q o0

If Av =0 and v =1, then
W yrad us0 / A-Vv=?
d 7 a0 \
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Green's Formula
-
(7%

What if Av =0 and u = G(|y — x|) in Green's secohd identitg?

/uAv—vAu:/ u(fA-Vv)—v(A-Vu)ds
Q o

Can you write that more briefly?

STy = S g e - § ac ]

?v(&) xeJd
0 xfﬂ.

- S[ 0,u) - D(v)
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Green's Formula (Full Version)

@
Q bounded

Theorem (Green's Formula [Kress LIE 2nd ed. Thm 6.5])
If Au =0, then

u(x) x€Q,
(S(A-Vu) — Du)(x) = { “X)) x € 0Q,
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Green's Formula and Cauchy Data

Suppose | know ‘Cauchy data’ (ulaq, fi- Vulsq) of u. What can | do?

What if Q is an exterior domain?

~

What if u = 17 Do you see any practical uses of this?
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